GROSS SUBSTITUTABILITY MAPPINGS IN ECONOMIC EQUILIBRIUM THEORY

V. M. Polterovich and V. A. Spivak UDC 519.86

A survey of the results relating to the application of gross substitutability in
economic equilibrium theory. The topics considered include existence and unique-
ness of equilibrium, comparative statics, coalition stability, and stability of
price—adjustment tatonnement processes. The main theorems cover the case of
multivalued demand satisfying the gross‘substitutability condition and, in

particular, are applicable to linear exchange models.

Mappings endowed with the property of gross substitutability occur in many branches of
mathematical economics, in multivariable control theory, and also in other fields. The cor-
responding literature is quite extensive. This survey mainly covers the works with economic
equilibrium orientation published after 1965. Earlier results are only treated partially,
and most of them can be found in the monographs [36, 10, 19, 20].

An essential feature of our survey is the systematic treatment of multivalued mappings
with gross substitutability recently introduced in [26, 28, 57]. This approach enabled us
to incorporate in the general theory all the linear models which preViously required special
methods .

The following notation system is used in the article. If X is a set, then 2X is the
system of all its subsets, int X is the interior of X. R® is the n-dimensional euclidean
space, R.» R_™ are sets of vectors in R with nonnegative and nonpositive components,
respectively; x=(x,) is a vector with components x; whose dimension is specified in each
particular case. If X, y6R* then xy denotes the scalar product of the two vectors. If
a 1is a scalar, then ax i1s the product of the vector by the corresponding number. If
M={l,...,m} is the set of integers from 1 to m and d*€R", the symbol (d* k6éM) denotes
a naturally ordered system of vectors.

Definitions, theorems, formulas, etc., and subsections are identified by two-digit
notation: the first number represents the corresponding section, and the second number is

the sequence within the section.

1. DEFINITIONS, EXAMPLES, MAIN ASSUMPTIONS
1.1. We start with some basic definitions. Let PcR™ and the function D= (D,)
associates with each vector pPE€P a certain vector 2 (p)€R™

Definition 1.1. We say that the function % has the property of gross substitutability

(g-s.), and call it a GS-function,* if g, (p) is nondecreasing in pj for all i, j, 1 # 3.

*The notation is amnemonic representing "gross substitute;" note that the symbols % used
for the function and p for its argument are associated with their interpretation as 'demand"
and "prices."”
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Definition 1.2. If D.(p) is increasing in p;Vi, j, iz%j , then % satisfies the

property of strict gross substitutability and is called a strict GS-function.

We sometimes speak of strict gross substitutability in differential form, implying the

condition
EY) L., r
—%>0 Vi, j, i+ jand VpEP. 1.1
Let pEPR, g6P, N={1,...,n} . We use the notation
(1.2)

I(p, 9)={i| p=3s {EN}.

Definition 1.3. A GS—function is called indecomposable if for all pé&P, geP the condi-

tion p<¢g implies the inequality

min gi _@i 0.
ieupm( Di () (9N <

The notion of substitutes was introduced by Hicks [56] and the term "gross substitut-
ability' is due to Mosak [68]. There is, however, no uniform terminology to this date. Some-
times gross substitutability (g.s.) is identified with the property in Definition 1.2, and
g.s. in the sense of Definition 1.1 is called "weak gross substitutability." Strict gross
substitutability is sometimes also called strong. Other terminology is also used.

The origin of the term ''gross substitutability' isassociated with the interpretation of
g as the demand function dependent on the price vector p. This property a priori holds if
the user regards all the goods as substitutes; then as the price of one good increases, the

*

demand for all the other goods does not decrease.” This is, of course, not always so. In
consumption theory, complementarity is defined in addition to substitutability (see Sec. 7).
Thus, butter and margarine are examples of substitutes, while gasoline and automobiles are
examples of complements.

Although gross substitutability is not a universal property, it has been studied by many
authors. This is due to several factors. First, gross substitutability is a fairly frequent
phenomenon (see Subsec. 1.2). Second, the results relating to gross substitutes are also
applicable to complementary goods and to "mixed" systems (Sec. 7). Third, this property
combined with certain additional assumptions ensures ''correct' (i.e., consistent with economic
intuition) behavior of the system. TFor models with gross substitutability we can prove con-
vexity of the set of equilibrium prices or even their uniqueness (Secs. 2, 3), elucidate the
variation of the equilibrium as a function of various exogenous parameters {(Sec. 4), establish
convergence of price adjustment (tatonnement) processes (Sec. 6), etc. It is by no means
clear that all these results can be derived also for a wider class of cases.

In a number of important cases (see Subsec. 1.2), demand is not a single-valued function
of the price vector. Therefore, the following generalization of gross substitutability was
proposed in [26, 28].

Let PcR® and let the mapping ‘®P. associate witheach vector p€P a certain set P (p)c<R~

*The meaning of the adjective '"gross" will be elucidated in Subsec. 1.2.
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Definition 1.4. A mapping % has the property of gross substitutability, and is called

a GS-mapping, if for amy two vectors p, q from P such that p<qg and I(p, q)5%*QF (see (1.2))
and for any d=(d,)¢D(p), |=(f:}€D(g) , we have

min (d,— f,)<O. (1.3)

il (p.q)
1f, moreover, for p # q we have a strict inequality in (1.3), the GS-mapping is called
indecomposable.
The following proposition is easily proved.

Proposition 1.1. Let % be a single-valued function. If % satisfies Definition 1.1,

then it is a GS-mapping in the sense of Definition 1.4. Conversely, if & is continuous,
defined on an open set P, and is a GS-mapping, then it has the property of gross substitut-
ability in the sense of Definition 1.1.

Definition 1.3 and the notion of indecomposable GS-mapping are similarly related.

We will soon show (see Example 1.1) that the continuity condition in the second part of
Poposition 1.1 camnnot be relaxed. Thus, a single-valued GS-mapping and a GS—function are not
equivalent concepts.

The gross substitutability property in the many-valued case is not additive in general
(see Example 1.2). However, the GS-mappings arising in many equilibrium models belong to a
certain subclass which is closed under algebraic addition. This subclass merits a special
definition.

Definition 1.5 [26]. We say that % is an AGS-mapping if for any vectors p=(p;), g=
(q;) from P such that p<gq, I{p,q)%& and for any d=(d;,)€D(p), f=({:)€D(q) , we have

> pd,< :S q:f - (1.4)
iGI(p-9) iGl(p.9)

i1f, morecver, for p # q we have a strict inequality in (1.4), the AGS-mapping is called
indecomposable.

Independently of [26, 28], Howitt [57] defined a class of mappings occupying an inter-
mediate position between AGS-mappings and indecomposable AGS-mappings.

If PcintR,» , then an (indecomposable) AGS-mapping is obviously a(n) (indecomposable)
GS-mapping.

GS~ and AGS-mappings have a natural economic interpretation.

Let 2D(p) be the collection of all possible demand vectors corresponding to the price
vector p; assume that the prices of some commodities have increased to g, i¢/(p, g - Then
(1.3) implies that, for all the possible realizations of demand at the points p and q, there
is a commodity with unchanged price the demand for which does not decrease; inequality (1.4)
implies that in this case the cost of purchasing all the commodities with unchanged prices
does not diminish.

In what follows we will require the following concept from [27] (see also [1]).

Definition 1.6. The mapping & :P—+2R’ P<R! 1is nondecreasing if for any vectors p,

q, d, f such that pep, geP, p<gq, deF (p), f6F (9), there are vectors d'€F (P}, [eF () satisfy~

ing the inequalities
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d<j’. f=d. (1.5)

If for p # q the inequalities in (1.5) are strict, then & is increasing.
We say that & 1is nonincreasing (decreasing) if the mapping (—%) 1is nondecreasing
(increasing).

Definition 1.7. The mapping F - P-»9R" PcR! is called normal (strictly normal) if for

any pe€P the mapping @, (A)=F (Ap) 1is nondecreasing (increasing).

1.2. Examples of GS-Mappings. In equilibrium theory it is generally assumed that each

consumer (or each group of consumers) is characterized by an objective function u(x) (where
X is the n-dimensional vector of consumption goods), and the value of his demand function is

the solution of the problem maximizing u(x) subject to the'budget constraint

u(x)—max, pr<<@, x=0, (1.6)

where B 1is the consumer income.

Denote by %(p, B) the set of solutions of the problem (1.6). Our immediate objective
is to discuss the conditions which ensure gross substitutability of %(p, f) for P=intR,»
and a fixed f>0 (the case f=0 1is self-evident). Since %(p, §) is positive homogeneous,
it suffices to check gross substitutability for f=1.

By the Slutsky equation [30, p. 255], each derivative 0%:/0p; 1s the sum of two compon-
ents, representing the "income effect" and the "substitution effect.'" The substitution ef-
fect is associated with simultaneous changes in prices and income, leaving the maximum utility
level unchanged. Gross substitutability, on the other hand, is the outgome of both these
effects, which is emphasized by the term originally introduced im [68] (for a discussion also
see [20, p. 305]).

Given the Hessian matrix of the function u, we can compute the derivatives .0%./dp; [30];
in this way, we obtain necessary and sufficient conditions of gross substitutability for a
smooth u. These conditions are very cumbersome and difficult to use. However, in the par-

ticular case when

u(x)= 2 i (%) .7

a simple criterion is available, which is applicable if the consumer income is a function of
the prices.

THEOREM 1.1. Let the function (1.7) have no maximum on R+n, let uj(xi) be continucus
and concave, and ui'(xi)xi be defined® for x,>U and nondecreasing for all i. Also assume
that the function &(P) is nondecreasing and nonnegative on int Ry».. Then & (p)=%F(p, 6(p))
is an AGS-mapping on intR,” .

This proposition follows directly from Slutsky's results [30] if 6(p)=1, u is twice
continuously differentiable and strictly concave, and %(p, 1)>0 for all p>0 . Then % (p,
1) is a strict GS—function. It is noted in [18] that if strict positivity is relaxed, then

€(p, 1) remains a GS-function, but is not necessarily strict.. For linear u, Theorem 1.1

*Concavity implies that u(tx+(1—f)y=tu(x)+(1—fuly), 0<E<I, x, y6R® . By u'; we denote the

derivatives of uj.
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was proved in [26] (see also [57]). The formulation includes the case of multivalued demand
with nonlinear u.

The proof of Theorem 1.1 follows from an analysis of optimality conditions for the
problem (1.6). We can similarly show that if, in addition to the assumptions of Theorem 1.1,
the functions u,/(x;)X; are strictly increasing and & (p)c<intR.» for all p>0 , then
the AGS-mapping & (p) 1is indecomposable.

By Theorem 1.1, objective functions of the form u(x)::}é;hx?’ , where O<e, <1, u; >0,

i=1

max wa; >0 , generate a demand which is an AGS-mapping. If #,/{x;)—~ - o for x,— +0vi ,

i=1,...,n
then %(p,8(p)) 1is indecomposable.

Let us consider two further examples from [26], which illustrate the relationship between
the concepts defined above.

Example 1.1. A single-valued discontinuous GS-mapping (in the sense of Definition 1.4)

does not necessary satisfy Definition 1.1. Let the mapping %{(p,1) be generated by the
3

problem (1.6) with u(x):::S”xi and &{p)=1 . 1In order to obtain a suitable example, it

=1

suffices to consider the function & (p)6%&(p, 1) subject to two conditioms: F(I, 1, 1)=(0,0,1)

and ¥(2,1,1)=(0, 1, 0)

Example 1.2. The sum of two GS-mappings is not necessarily a GS-mapping. To show this,

consider the sets of solutions of two extremal problems
X124, F X3>max,  prxyt paXet paXa<
X1+ Ko Xy MaAx,  PiX b PaXy T 2303 <

for p = (2, 2, 1) and p = (3, 2, 1).

’

\Y

16, x;
1 X

0
6, 0

Y,

i

Note that the second problem generates a GS-mapping which is not an AGS-mapping; another
example can be derived from Lemma 1 in [25].

Some classes of utility functions (smooth but not necessarily representable in the form
(1.7)) for which #(p, 1) is a GS~-function are indicated in [33]. Examples of production systems
whose supply function (with minus sign) satisfies Definition 1.1 are also given in [33].

1.3. The case of linear dependence of income on prices is of special importance in
equilibrium theory. Thus, §(p)=pw , where w6R+" (pw is the value of the resources w held
by the trader). Transforming the Slutsky equation, Fisher [48] obtained necessary and suf-
ficient conditions (in terms of %{p, B} ) ensuring g.s. of F(p, pw) for all weR,* . These
conditions constitute relationships between income elasticities of demand, Allen-Uzawa elas-
ticities of substitution, and the quantitiés p:€:/p . The proof of these conditions requires
lengthy mathematics.

The relationship between gross substitutability of the mappings #(p, B) and % (p, P®)
becomesmore transparent if #(p, 1) is normal. By positive homogeneity of @(p, B) iu

(p, B} , normality of @(p, 1) implies that %(P, B) is nondecreasing in the income variable

for any fixed p.

For single-valued demand functions, the normality property was investigated originally
by Slutsky [30], who established that a utility function of the form (1.7) with «./>0, u;” <0
generates a strictly normal demand. A linear utility function clearly generates a normal

(but not strictly normal) demand.
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The following proposition was given in [48] for the single-valued case and subsequently
generalized in [27].

Proposition 1.2. If % (p,pw) 1is a GS-mapping on intR.* for any w>=0 , then %(p, 1)

is also a GS-mapping. Conversely, if &(p, B) 1is positive homogeneous of degree zero in
(p, B) and normal, then gross substitutability of #(p, 1) implies gross substitutability
of #(p, pw), and indecomposability of #(p, 1) implies indecomposability of € (p, pw) for
any w=0, w0 .

1.4. The need to study GS-mappings also arises in intersectoral balance models, which
have obvious important applications. These models stimulated extensive study of matrices
with nonnegative off-diagonal elements, the so-called Metzler matrices. The theory of these
matrices was presented, e.g., in [20].

If ¢(p) is a nondecreasing vector function and . A€R,! , then ¢(p)—Ap has the
property of gross substitutability. Therefore the problem of finding the nonnegative eigen-
vectors of a monotone operator in R® 1is closely related with finding the zeros of a GS-
function (the vectors on which the function vanishes). These problems are typical of non-
linear intersectorial balance models [1, 3, 4, 6, 7].

1.5. Examples of Equilibrium Models. In what follows, alongside the properties of GS-

mappings, we will consider in an abstract form two relatively simple equilibrium models which
have been .studied by many authors (the value of these models in the theory of a planned
economy is discussed, e.g., in [8, 1]).

Suppose that each of the m agents (consumers) is characterized by the objective function
Uy : Ry"—>R! and the income function §,:R."—R,! keM={1,..., m} . Denote by %" the mapping
which associates with each pair p,éhUﬂ the set of solutions of the problem (1.6) for u = Uje s
B=06n(p) . Then the mapping %*(p,0:(p)) characterizes the dependence of the k-th agent
demand on the prices p. Suppose that the supply vector s€R,» 1is fixed.

Definition 1.8. The collection of vectors (g, f% kM) 1is called an equilibrium if

geER,", f*E8%(q, 0,(9)) YREM  and :S ff=s . Here q is called the equilibrium price vector,
rGM
and the tuple (f* k6M) 1is called an equilibrium allocation of resources.

m
If 8,(p)=pw* , where @*ER,” , and Sz=25ﬂﬂ , we obtain a pure exchange model [20, 36].
r=1

Denote this model by M, (W) , where W =(wt E6M) is the collection of initial stocks. If
8,(p)=p. , then the corresponding construct is called a fixed income model, denoted by My(B,
s), where B=(§,)cR."

Consider the excess demand mapping

fb(ngl%k (Ps 8.(P)—s. (1.8)

Clearly the set of equilibrium prices coincides with the set
L0={p | 06D (p)}- .9
In what follows we invariably assume that the model satisfies the following two condi-

tions.
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Ul. Each objective function defined on Ry"™ is continuous, strictly quasiconcave,*
and does not attain a maximum on R4®

U2. For any commodity i, there is a trader k whose objective function is strictly in-
creasing in the i-th variable.

From U2 it follows that the mapping 2 (p)is not defined on the boundary of R,

The structure of the set PD° for a GS-mapping % will be discussed in the following
sections.

In more general equilibrium models [10, 20, 36}, supply is alsoc a function of the
prices. Many of the results remain valid in this case too.

Note that if all the objective functions satisfy Ul, then the excess demand in the model

m, satisfies the identity
pd=0 VdeZ(p), Vp, (1.10)

which is known as the Walras law. In model M, the Walras law does not apply, but we have

the relationship

pd = 2 Bs-—ps VAED (p), Vp.. 1.11)
p=1

Note that the model  MM,(B,s) can be regarded as a particular case of the model M (W)

1
p
set of equilibria’in My(B,s) if the prices in M, are normalized by ps=2p, . The model

k

Indeed, for wf == Prs, W =(wt £EM) , the set of equilibria in M (W) coincides with the

M, is of independent interest, but it also plays an important auxiliary role in the study
of the more complex model M,

1.6. Let us now introduce certain assumptions which will be needed in what follows in
applications to various mappings.

Al. The mapping defined on intR;®» 1is convex-valued, closed, and maps any compact set
from intR,»?, into a nonempty bounded set in the space R".

A2, The mapping is positive homogeneous of degree a.

A3. 1If q is a zero of the mapping, and d = (d;) is included in the image set of p,

d # 0, the condition p>¢g implies that mind; <0 and the inequality p<g¢ implies that
maxd,; >0
i
A4. The mapping satisfies the Walras identity

pd=0 VdeD(p), vp.

It is easily seen that A4 implies A3. Let Ul be true. Then the excess demand % in
the model M satisfies all the assumptions Al-A4 (where A2 holds only for a=0 ). The
excess demand in My has the properties Al and A3, whereas A2 and A4 break down.

1.7. 1In conclusion of this section, we give a theorem from [26] which establishes a
relationship between GS- and AGS-mappings.

*That is, u(tx+(1—f)y)>min{u(x), «(y)} Ve, 1) , and strong inequality holds if u(x) # uly). If

u is concave (see footnote on p.2016), then it is also quasiconcave.
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THEOREM 1.2. An (indecomposable) GS-mapping £ satisfying Al is an (indecomposable)
AGS-mapping if and only if for any p and arbitrary elements d, d' from the set 2D(p) we have
the equality pd = pd'.

The justification of Theorem 1.2 in [26] is based on two lemmas, which will be useful
in what follows.

LEMMA 1.1. Let V be a convex compact set in intRy® and let the mapping %D satisfy
Al. Then there is a pair of vectors r, h such that r€V, h6D(r) and ra>vh Vo6V

To prove the lemma, it suffices to apply Kakitani's fixed point theorem to the direct

product #(d) XD(p) , where P (d)={p|peV, pd:mavxvd}
vg

Let p==(p:» g=(9:) . The following notation will be used throughout the rest of the

article:
mm{p, q} ’Whefe pz—mln{pn q} (1.12)
max {p, gh=(7:)where pﬁmax (Pis qi}. (1.13)
p’ q) {L[p,<q,} JQ(p’ {l’lpz} qt} :
1f a=(a,)6R* and JcN={1,...,n} , then a|/] is an n-dimensional vector with the com-
ponents
a: ] f‘l“ v (1.14)

The following result provides an important tool for the investigation of the properties
of GS-mappings and is often used in the subsequent sections.

LEMMA 1.2 (on Combination). Let the GS-mapping satlsfy Al and let deZ(p), [feD(Q) p=

min{p, g}, ;}:nmx{p,q}. Then there are vectors a&T(ph a@ﬂ( ) such that

a<d [N+ /12 a>d [N+ /174
where Jy=Jy(p, 9) Jo=715(p: q)
A proof based on Lemma 1.1 will be found in [26]. It is close to the proof of Theorem
2 in [28].

2. EQUILIBRIUM PRICE SETS
2.1. Consider the mapping 2 :P—2RrR*, PcR,® and let

T0={p| 062 (p)}- 2-1)
The vectors from £° will be called the zeros of the mapping % or, if 2 is interpreted
as excess demand, the equilibrium price vectors. 1In this section we give conditions for @°
to be nonempty and convex or to consist of a single element. We also consider the related

question of the existence and the properties of the inverse mapping
D () ={p|yeD(p)), ye¥ <R~ (2.2)

For a linear GS-function & with P=R, Y=R. ", the necessary and sufficient condi-
tions for the existence of ﬂTl are known (see, e.g., [20, p. 95]); these functions are
specified by Metzler matrices [10, p. 255].

Now let ﬁz{p;ﬁ<p<cf}, D(P)=9(p)—ps where g:R* K", ¢ is nondecreasing. Assume
that 2(p)>0, SD((?)<O . Then PN%°+# @ by the Birkhoff-Tarsky theorem (see, e.g., [21, p.

53] and alternative versions in the appendix to [1]). The proposition remains wvalid for an
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arbitrary continuous GS-function [79, 92]. For pEintR,* it can be generalized to the multi-

valued case using Lemmas 1.1 and 1.2. Let

D' ={p|DP)NR# 2} D ={p| D(PINR"+2). (2.3)

THEOREM 2.1. Let the GS-mapping % satisfy Al and P'NP=9° . If ped*, 369, r<q
then 90= () and there is a vector re%n, ﬁs;rsg&

Note that for AGS-mappings defined on P=intR,» , we always have D'NL=I° . A close
result is contained in [27].

2.2 Now suppose that 2 satisfies the Walras identity A4. If PcintR,» , then clearly
Dr=D" =" and the proposition of Theorem 2.1 is trivial. Note that on the entire RyD
there is no continuous nonzero GS-function satisfying A4 (see, e.g., [20, p. 309]). A number
of existence theorems of equilibrium prices for a continuous positive homogeneous GS-function
satisfying A4 and defined on the cone P<R.™ (not necessarily convex) which does not contain
the origin and is closed in the relative topology of Ry™ are given in [20, Sec. 18.3] and
in [59]. Certain conditions are assumed on the boundary of P.

Let P=intRy» and let % satisfy Al, A4. Then the existence of an equilibrium vector
can be proved without gross substitutability by using the following natural boundary condi-
tion (it was actually used in [20]): there are constants Vy>0 and >0 such that, if
lipll=y, T={i|p;<el==& , then any vector d6é® (p) has at least one positive component with
an index from T. This proposition is easily derived from Lemma 1.1. It is applicable to the
model P4 (W) 1if Ul, U2 hold and for any i, j = 1, ..., n there is a trader with the i-th
commodity whose objective function is strictly increasing in the j-th variable.

Necessary and sufficient conditions for the existence of equilibrium are known only for
linear exchange models [50]. So far it is not clear how to extend these conditions to the
nonlinear case, even with gross substitutability.

2.3. Let us now consider the uniqueness of the zero and the existence of the inverse
mapping. First we focus on cases which are independent of A2 and Aé4.

Assuming a differentiable GS-function % defined on a domain of the form P={plp<g<§}
Gale and Nikaido [51; 20, p. 365] derived necessary and sufficient conditions ensuring the
existence of a nondecreasing inverse function: at any point from P, the Jacobian matrix &

of the function % should satisfy the inequalities
maxa;5;>0 Va=(a,)GR"nd b= (b,)=T"a. (2.4)

Conditions guaranteeing existence and univalence of the inverse of a GS-functiom, with-
out assuming smoothness, were given in [78-80, 84, 89]. The most general (and very similar)
results were independently derived by Sandberg [79] and Yun [89]. 1In what follows we will
prove a proposition close to Theorem 3 from [79] which is also applicable to the multi-
valued case.

Let us introduce another assumption, weaker than A4.

A5. If deD(p),d’€D(p) for some p and d<d’ , then d = d'.

For AGS-mappings (Definition 1.5), A.5 is satisfied automatically for positive p.

Take a fixed set YcR®
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THEOREM 2.2. Suppose that the GS-mapping % satisfies Al, A5, and the following condi-
tion holds:

(%) for any réintR.n, y€Y there are p, q, d, f such that p<r<g, deD(p), [eD(q), d>y= |

Then a nonincreasing inverse mapping %! is defined on Y. It is single—valuéd if the
following condition holds:

(x%) if deéD(p), €D (q), g=p, [>d , then q = p.

If (**) does not hold for some p, q, d, £, and d€Y or f éY, then 2! is not single-
valued.

The proof of Theorem 2.2 is based on the following lemma from [26].

LEMMA 2.1. TIf the GS-mapping % satisfies Al, then the set 2D+t (see (2.3)) is closed
under the operation max, and £~ is closed under the operation min. If A3 holds, then Z°
is closed under max and min.

Lemma 2.1 readily follows from combination Lemma 1.2.

Proof of Theorem 2.2. By Theorem 2.1 the mapping D(p) — y has a zero for any yeY ;
therefore £t is defined. Let a,b€Y, a<b, reDt{a), v€D1(b) . Denote

p=min{r, v}, ;=max{r, v}, F(p)=D(p)—>. (2.5)

Applying Lemma 2.1 to the mapping & (p) , we find FeF (p), <0 . By assumption, there are
vectors q, f such that fed(q), g<p, >0 . By Theorem 2.1, the set {p|g<p<p} includes the
vector v' such that 06% (v’) ; therefore v'<r, v'€D7i(b) . We similarly find r'€é®-(a), r'=v

We have thus proved that &-t is nondecreasing.

Now suppose that reg-i(b), ved-1(b), beY, rs=v . Consider pj, p and F(p) as defined
in (2.5). Applying Lemma 2.1 to & (p) , we obtain ae®(p), EE@(?), a<b<a . But <p.
therefore condition (¥%) does not hold. Conversely, suppose that (*%) does not hold for some
r, V, d, b, so that a€D(r), b6 (v), v=>r, v#r, b=>a , and let, say, b€Y . By assumption, there
are q, f such that feéD(q), g<r, f=b . Therefore the function D(p)—b has a zero on the set
{p|g<p<r} other than v, i.e., the mapping %! is not single~valued. Q.E.D.

As an application of Theorem 2.2, consider the model Mp(B,s) (Subsec. 1.5) for s>0 ,
assuming that Ul and U2 hold (Subsec. 1.5). Let Y=={yly>>-—s} . 1In this case, Theorem 2.2 is
not particularly useful to prove the existence of equilibrium, since (%) is not obvious. How-
ever, the existence of equilibrium for any s>0 follows from the corresponding theorem (see

Subsec. 2.2) for M(W) for wk=(Zp.) *PsS , and therefore condition (*) holds. Conditions
r

A5 and (*%) follows from budget equalities (see (1.11)). Therefore, the equilibrium prices
are unique and do not increase with the increase in s (more general results will be derived
in Subsec. 4.3).

2.4, Let the GS—-function % be defined on the entire R_,_n and be continuous. A number
of economic models [3, 6] and also a number of multivariable control problems [15, 16, 9] are
reducible to problems of maximizing a certain nondecreasing function on 2% or minimizing
such a function on @~ . The solution of these problems'is independent of the particular
criterion, since the set 9~ , if nonempty, includes a minimum point (i.e., a vector p* such
that p*<pvped~ ), and the set D+, if nonempty and bounded, includes a maximum point.

This fact easily follows from the closure of 2~ under the operation min and the closure
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of £* under max (see Lemma 2.1, which, strictly speaking, applies to a mapping defined on
intRy» ). As noted in [3], the existence of a minimum point in £~ was first noted by E. B.
Ershov.

The minimum point of the set £~ satisfies the conditions p;@;(p)=0, i=1,...,n . The
maximum point of D% always reduces £ to zero. Therefore Theorem 2.2 can be applied as a
criterion to identify the maximum point. On the other hand, the following proposition,
actually established in [3] (see also [9]), suggests yet another criterion for the uniqueness
of the zero. k

THEOREM 2.3. Let £ be a continuous GS-functionm on Ry® with concave components, and
DO)>0 . If D~ is nonempty, then the minimum point of the set @D~ is the unique zero
of the function % and it coincides with the maximum point of the set Dt .

Proof. Let p* be a minimum point. Gross substitutability and the condition DO)>0
imply that p*>0, D(p*)=0 . If D has another zero, then p* is not a maximum point in
ZD* . Then there is pePD*, p=p*, p7#p* . Take &>0 so that g=p*—e(p—p*)=0 . From the
concavity of % is follows that D(g)<0 . But ¢<p* gs&p* , which contradicts the mini-
mality of p*.

2.5. If the GS-function is positive homogeneous of zero degree and satisfies the Walras
identity A4, then the set of its zeros is convex. This result, due to McKenzie [64], is also
given in [38] and in [10, 20]. 1In [26] it is extended to the multivalued case and an arbi-
trary degree of homogeneity. The proof of [26] is actually preserved when A4 is replaced
with A3.

THEOREM 2.4. 1If the GS-mapping % satisfies the assumptions Al-A3, then £° is convex.

The proof follows immediately from Lemma 2.1 and the following geometric fact: a conel
in Ry® which is closed under max and min is convex [26].

Note that a positive homogeneous indecomposable GS-mapping has at most one zero (up to
a scalar factor). This follows directly from the definitions.

2.6. In conclusion of this section, let us prove an inequality which is very important
in stability analysis of price adjustment processes (see Subsec. 6.4). For the single-valued
case, it was proved in [35, 38]. It also implies convexity of %° [38], although, unlike
Theorem 2.4, this assumes the Walras identity.

THEOREM 2.5. Let the GS-mapping £ satisfy Al, A2, A4. If ¢€2° and deéD(p) , then
gqd=>0 , and if péP° | then gd>0 J

Proof. Consider the partition Q(p,q) of the coordinate set N={l,...,n} into classes,

each with constant ratio p4i/qq:

Qo D={Nu-os Npooos N No={[piqi=V} ¥, >V,0e

Let pf==(p/ ) =min{p, v.q} Hk={i|p,-<vkqi}=tl>Jth . Since 0P (v.g) , then by combination
Lemma 1.2, there are vectors gk such that

ST (D), gh<d [H] (2-6)

¥EE€~§EE K is a cone if K=AKVA>0 . The zero vector (the origin) may belong to K, but not

necessarily so.
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Since p*[H*|=p[H*], the Walras law and (2.6) imply that
O=ptgt < pid [HH =pd [UN . 2.7
R

>

If B,=pd[N,] , then (2.7) leads to the inequalities

D=0, k=1,..., [—1. (2.8)

t>k

Therefore

b~

{ {
N P W]
0=let},l,ﬁf<v;1(31+v;12‘ﬁt<-~-< Y7 b= ad, (2.9)
- =2

1

)

i.e., the first proposition of the theorem is true.
Now let qd = 0. 1In this case, (2.9) implies that (2.8), (2.7) hold as equalities.:
Therefore, by (2.6),

D(P)9gh gf=d|UN] k=1..., [—1. (2.10)
Since pl=v,g , then pled" . We will prove that if p*"1eZ0 , then also p*6eZ0, 1<k<L.
Clearly, p*=max{p*", p*}, Hk:{ilp§+1<pik}=UNt . From (2.10) we have that gk[F[’*]_—_O
t<h
Since 067 (p**"). , Lemma 1.2 implies that there is a vector JSE€Z(p*, f>0 . By the Walras law,
£ =0, i.e., ptedd
By induction p'€%° . But since p'==p , this completes the proof. Q.E.D.
3. EQUILIBRIUM PRICES AND EQUILIBRIUM ALLOCATIONS
3.1. Let
D(p)= 0 T (p), M={l, 2,..., m}. (3.1)
FGM

In the model M;(W) (see subsec. 1.5) and in a number of other models, the mapping Z*

in interpreted as the excess demand of the k-th agent.

Let
E=l(p. d, keM)|dte* (p), 2 d*=0],
kEM
D= (d% ReM)|3p:d*cD* (p), 2 di—0).
kEM
E is the "equilibrium set," 2° (see (2.1)) is interpreted as the set of equilibrium price

vectors, and D is defined as the set of equilibrium allocations of the resources.
Let E==@ . The following proposition was actually proved in [26].

THEOREM 3.1. Let each GS-mapping %" satisfy Al and A2 for a=0, and let A3 hold
for their sum £ . Then

E=2°xD, (3.2)

and the sets %° and D are convex.

If 9* are single-valued, then by (3.2) D includes at most one element.

A4 is assumed in [26], but the proof remains valid under the weaker assumption A3. As
a result, Theorem 3.1 implies, say, convexity of p-optimal allocations, which is proved in

[25, Theorem 2] by a different method.
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Theorem 3.1 is particularly useful for pure exchange models (see Corollary 3.1).

3.2. Consider the uniqueness of the equilibrium in the models @, (Subsec, 1.5). If
the objective functions in My are linear, then, as shown by Gale [50], all the equilibria
are "equally profitable" for each trader. In order to generalize this result, we need the
following definition [50, 26].

Definition 3.1. Two equilibria (see Definition 1.8) (p, d* k€M) and (q, f*, keM) are

equivalent 1f u,(d*) =u,(f*)vkeM . 1If all the equilibria are equivalent, we say that we have
a preference~unique equilibrium.

The existence of nonequivalent equilibria involves substantial difficulties in the
application of equilibrium models as a tool of economic analysis. It is therefore important
to establish the equivalence conditions. Equality'(S.Z)is clearly one of such conditions.
Therefore, Theorem 3.1 leads to the following generalization of the proposition from [50].

COROLLARY 3.1 [26]. Let each objective function in the model M (W) satisfy Ul and

let U2 hold (Subsec. 1.5). If the individual excess
D" (p)=%"(p, pw')—e" (3-3)
is a GS-mapping for any k, then the equilibrium is preference-unique.

It is shown in [26] that, given properties Ul and U2, the equality (3.2) is necessary
for the equivalence of equilibria in $; . This proposition, not using gross substitut-
ability, is also valid for an essentially wider class of models (which includes, in partic-
ular, M(B,s) ).

Let us introduce some assumptions relating to the individual demand %*(p, 1) for unit

income.

S1. #(p, 1) satisfies Al, F*(p, )R "Vp.

2. €"(p, B)=%"(p/B, 1) YB>0; €*(p, 0)=1{0}

S3. pct=1Vp and V@ (p, 1)

S4. €"(p, 1) 1is a GS-mapping.

S5. €(p, 1) 1is normal (see Definition 1.7).

Note that 82, S4, and S5 imply the GS-property for (3.3) (Proposition 1.2).

Properties S51-S3 follow from assumption Ul-(Subéec. 1.5) for the individual utility func-
tions. It can be shown that the conditions of Theorem 1.1 are sufficient for S1-S5.

We recall that the equilibrium price vector in the model ™, (W), W = (w*, keM) , 1s the

zero of the sum of mappings (3.3), and in the model My(B, s), where B=(Bs £EM) , it is the
m

zero of the mapping :g%%(p,ﬁﬁ—és . Only positive prices are assumed.
Bl

The following results are only based on the above-listed properties of the individual
demand functions; it is not required that these functions are generated by a maximization
problem.

Sufficient conditions for uniqueness of equilibrium prices were derived in [45] for a
linear exchange model.* A more general result is given in [31]. In order to present it,
we need the following definition.

*In [45] these conditions are erroneously declared to be also necessary. A counterexample

is given in [31, p. 137,

2025



Definition 3.2 [31]. We say that the model M,(W) is decomposable into I submodels

m W) if 1) W,=(w*, keM, , where the sets M, ¢=1,..., [/ constitute a partition of

the trader set M; 2) wf=0 for k€M, i¢N, , where N, ¢t=1,..., ] constitute a partition

of the set of resources ﬁV*=={i

:S ﬁhk:>0} ; 3) the collection (c*, 26M) of the demand vec-
k@M
tors cK of the traders k is an equilibrium allocation in the model M W) if and only if

the collections (c¢* k€M, are equilibrium allocations in the models M((W,) for all t =1,
2, vouy Lt

We assume that the model always has the trivial decomposition for 7 = 1. If there are
no other decompositions, the model is called indecomposable.

In a decomposable model, the traders from different groups M; clearly possess different
kinds of resources and, in any equilibrium, exchange is only conducted among traders of the
same group. Therefore cik = 0 for keM, i¢N, for any equilibrium allocation (c*, k€M) of the
model T (W)

If P(W), P(W;) are equilibrium price sets in M(W) and M(W,) , respectively, then

by Definition 3.2

!
P, (W)= NP, (W) (3.4)
=1
In the following theorems we use the notation from (1.14).
THEOREM 3.2 [31]. Let conditions S1-S5 be true, P;(W)s=@ . Then there are a decomposi-

tion of the model (W) into 7 submodels and vectors a'=(a})€R,*, t=1,..., [ , such that

a.t>0 for €N, and
i >

!
P.(W)=N{p|p>ha’s pINJ=ha![N /], AgintR ). (3.5)

The proof essentially uses the theorem of the structure of the equilibrium set in the
model My with fixed income (see Subsec. 3.3, Theorem 3.5) and the construction described
in Sec. 5 (see the properties of the function &£ in Subsec. 5.3).

Suppose that the partition Ny of the resource set corresponds to the decomposition of
the model M (W) dintroduced in Theorem 3.2. Then, as claimed by the theorem, the equilibrium
price proportions on each set N, are uniquely determined. The next theorem follows directly
from Theorem 3.2.

THEOREM 3.3 [31]. Let conditions S1-S5 be true and let Pl(“V)qkﬁﬁ . If the model (W)

is indecomposable, then the equilibrium prices are unique (up to a scalar factor) on the set
of nonzero resources of the model, i.e., for any p, gGP;(W) there isa number A>0 such that
pIN*|=rqIN*], N*=[i]| P w#>0].
kGM

In a decomposable model, the matrix with the columns wK is reduced to block-diagonal
form. Therefore, either of the following conditions is sufficient for uniqueness of the
equilibrium prices: 1) #@geM, w@*>0 ; 2) Vi, j, i</, B%keM , w w#>0 . Each of the following
conditions ensures uniqueness of the equilibrium prices on Nt 3) @i, wE>0 . VREM ; 4)

VEEM, réM, ks£r, 4i, wtwy >0
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In cases then conditions 1)-4) do not hold, the indecomposability of the model can be
checked using analogous conditions in terms of equilibrium allocations. Note that unique
equilibrium prices are also possible in decomposable models.

A corresponding example from [31l] includes three commodities and three traders with the
objective functions u(x)=us(X)=%X1 + X541, Us (%) =X, +x,+2yYx; and initial stocks w'=(l,0,0),
w?=(0, 1, 0), = (0,0, a) , where a>0

Tt is easily seen that for a<1 the price vectors from the set {p|p§>pl=;b;;pgyﬁ} are
equilibrium prices. Since traders 1 and 2 may exchange their commodities, the only possible
decomposition is that with M;={l, 2}, My;={3} . For a<1 the model is decomposable, since
the prices are not unique. It is also decomposable for a=1. Using (3.4), we can easily
check that there are no other equilibrium prices. Thus, for a=1 , the equilibrium price
proportions are uniquely determined.

For a>1 , the model is indecomposable, which is easily seen by constructing an equi-
librium allocation* with the vector ¢*>0

3.3. Now let us consider a model with fixed incomes My(B, s). As we have noted above,
given the conditions ULl and U2 ( Subsec,1.5), the existence of equilibrium in M (B, §) for
£>0, s>0 follows from well-known theorems (see, e.g., [20]). If the incomes of some traders
or the stocks of some commodities may take zero values, the following conditional existence
theorem is useful.

Let
Z(B)={k[pr=0}

where B=(B;)6R,” . The set of equilibrium prices in the model M,(B, s) will be denoted by
Py(B, 5) . )
THEOREM 3.4 [27]. Let assumptions S1-S5 be true. If

Z(B*)>Z(B)>Z(B), s*>s>s,
and Py(B*, s*)# 3, Py(B, 5)5= @ , then also Py(B, s)# @

The proof is based on Theorem 2.1.

In conclusion of this section, we present a theorem on the structure of the equilibrium
set in the model (B, s)

THEOREM 3.5. Let conditions S1-S4 hold in the model (B, s) . Then the equilibrium
set B (if it is nonempty) is the direct product of the convex set of equilibrium price vectors

P and the convex set of equilibrium allocations G,
E=PXxC.
There is also a vector a=(a;)6R," such that a,>0 for [eN*={ieN|s;>0} and
P={p|p>a, p,=a, for {eN+*}.

Under the assumptions Ul and U2, this theorem was proved in [26], where a somewhat more

general model (including production) was considered. 1In this case, S4 can be replaced with

#In [31, p. 19] it is erroneously claimed that there are no equilibria for i1<a<3 . 1In fact
we have the following equilibrium in this case: p=ps=ps c'=(1—a, 0, @), f=(0, -, §), B=(x, 8,1)

where a>0, >0, a+p=a—1
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gross substitutability of the joint demand. A proof of Theorem 3.5 not relying on the ex-

istence of objective functions generating the individual demand was derived in [31].

4. COMPARISON OF EQUILIBRIA

4.1. Comparison of equilibria, or comparative statics, is a subdivision of economic
equilibrium theory focusing on the response of equilibrium economic systems to external
forces. A typical problem can be stated in the following terms. Consider a system in
equilibrium, with excess demand which is positive homogeneous of degree zero and satisfies
the Walras identity (Subsec. 1.6). One of the goods, say the n~th, is selected as the
numeraire and its price is fixéd. Suppose that as a result of changes in the objective
functions, the consumer incomes, or the technology, the excess demand for the i-th good
increased while the excess demand for the numeraire decreased (this is a so-called binary
change, the simplest type of disturbance consistent with the Walras identity). How do the
equilibrium prices change?

This topic was posed by Hicks [56), who assumed that, if all the goods are substitutes,
then as a result of such a disturbance 1) the price of the i-th good increases; 2) all the
other prices do not decrease; 3) the proportionate increase in any of the prices does not
exceed that in the price of the i-th good. These three assertions are often referred to as
Hicksian laws. They may appear to be "economically obvious,” yet their proof requires very
strong assumptions. Local results in the smooth case were obtained by Mosak [68] (see also
[46]1). The general case of binary changes for single-valued excess return satisfying g.s.
(before and after the disturbgnce) and some additional assumptions was studied by Morishima
[66, 19]. He proves the second and the third Hicksian laws with the aid of the indecomposa-
bility condition. These and some additional results in comparative statics are also given
in [36, 21].

In what follows we consider the properties of GS-mappings which in certain cases allow
predicting the signs of the changes in the equilibrium prices for various disturbances. We
will also prove a number of additional propositions for the multivalued case, in particular
the co-called LeChatelier—Samuelson principle [76, 77, 19].

4.2, The following theorem (a generalization of Theorem 1 [27]) dimplies the first
Hicksian law, and in the case of unique equilibrium prices, also the second and the third
laws.

Recall that 2° denotes the set of zeros of the mapping & (see (2.1)).

THEOREM 4.1. Let the GS-mapping %2 satisfy Al-A3, d=(d,)6D(p), ds=0 and g=(g,)€ZD°
Then there are indexes j, s and a vector ¢*=(¢,*)62D° such that d;<0, d;>0 and we have

, ; . . 4.1
051p,<q/Ip <. p. for a1l “-D
q;*=gq,; for all i such that dj # 0 (4.2)
Proof. Since 2 is homogeneous, A3 implies that N -={i|d, <O+ @, N'={i|d, >0+ T .
Let

A=max p;/q;, ¢ =max{ig, p}, p=minp;/q;, ¢"==min{p, ng}.
iEN‘ i€N+
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Clearly, q/=M\g;=p; q,)=p,=pg,  for some JEN-, s6NT . Since O06Z(Ag) , then by
Lemma 1.2, using the definition of A, there is fE€D(9) such that f>d[/]>0, I={i|hg; < pi}
By A3, f = 0 and therefore d[/]=0 . Thus,

7€ p;<M;=gq, for df#OJ
We similarly find that
96T, p,>png;=¢q," for d;+0.
By Lemma 2.1, &::nmx{q,x4qqezm,q*::nun{i wlg”}e70 . Clearly, (4.2) holds. It is easily
checked that pp>g*=A'p . Q.E.D.
COROLLARY 4.1. If under the conditions of Theorem 4.1 péZP® , then ¢,;/p;<qs/Ps for
some j, s such that d;<0, d, >0

The Hicksian laws follow from Theorem 4.1 if we assume that 9 1s the perturbed excess
demand, and p are the 0ld equilibrium prices} the properties of the original excess demand are
not used directly. Actually, however, they determine the class of disturbances under which
9 satisfies the conditions of Theorem 4.1,

Theorem 4.1 relies on condition A3, which is weaker than the Walras identity and is
applicable to arbitrary demand disturbances (and not only to binary disturbances). This is
essential in the analysis of price adjustment (see Sec. 6) and in the proof of coalition
stability of equilibria (Sec. 5).

Morishima [66, 19] proved the second and third Hicksian laws in strong form; i.e., as
a result of an increase in the excess demand for the n~th good (the numeraire), éll the
equilibrium prices (except the n-th) strictly increase and the proportionate increase in the
price of the i-th good is higher than that in any other price. Morishima assumes that the
excess demand is a continuous GS—functioh satisfying A2, A4 and additionally the strong in-
decomposability condition:

If p<p’, p*p’ and the set [={i|p,=p/} includes at least two elements, then there

are j, s6I  such that
Di(p)FDi(p), Dp)FD. ()

Opoitsev [21, p. 72] proves the third Hicksian law in strong form using a somewhat dif-
ferent condition on the function 2D (p)=(D:(p)) , which also guarantees uniqueness of the
equilibrium prices:

D;(p) decreases in p,vi and increases in p,Vizcn.

Some of these results follow from Theorems 4.2 and 4.3 (Subsec., 4.3).

4.3. Now consider the case when the changes in the excess demand for all the goods have
the same sign. This case is impossible if the Walras law is assumed to hold, but it is of
definite interest for models of type My

THEOREM 4.2 [29]. Let the GS-mapping % satisfy Al, A3 and let g¢é° . Ifd=(d,je€D(p),

d=0 , then max{p, ¢}€D° . Moreover, g,>p, for d;>0, and if @ is indecomposable and
d # 0, then ¢g>p . From the condition d<0 it follows that min{p, ¢}€2° and ¢:<p; for
d,<<0 , and if 2 is indecomposable and d # 0, then ¢g<p .
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Proof. By combination Lemma 1.2, for qA—;max{p, g} there is a vector ae@(f}) such that
a>d[I|>0, I={i|p,;>q;} . A3 implies that a=0 , so that d[/]=0 . Thus, ¢62° and
q;>pi for d;>0 . For an indecomposable % , the relations g¢>p, d=0, d>0 {imply
Z}>p s but then ¢>p . The rest of the theorem is proved along the same lines.

The following proposition sharpens Theorem 4.2 under the additional assumptions of nor-
mality and strict normality of the excess demand (see Definition 1.7).

THEOREM 4.3. Let the GS-mapping &% satisfy Al, A3, be normal, and D5~ . If
ded(p), d=0, N*={i|d,>0}~F , then for some ¢€éZ°® we have

g#p, 1<, p;<maxq,/pyi. (4.3)
Gyt
If in addition % is strictly normal, then (4.3) holds for any ¢€%0 , and
g:/p;<maxgq,/p, Vi¢N*, (4.4)
f€N+
Similarly, if deD(p) d<0, N-={i|d; <0} , then for some ¢€Z° we have
q=D; 1>qi/pi>trglivrgq,/pt Vi. (4.5)

In case of strict normality, (4.5) holds for any Q€90 , and the right inequality isvstrict
VigN~

Proof. Consider the case d3z0, N'%g . Then by Theorem 4.2 there is 96%° v > p,
kc?g;%icvi/pi>] . Clearly, (4.3) holds for ¢=min{Aip, v} . By Lemma 1.2, using normality

and the definition of A, there is a vector aed(g) such that a<flI]<d[I]=0, JeD(Ip),
F={i|Ap;<v} . By A3, a=0 , i.e., ¢EI°

Now suppose that P is strictly normal, q is an arbitrary vector from Z° . If the
inequality p<¢ does not hold, then by Theorem 4.2 oc:miniéjv+{q,-/p,~}<l . Then ap<¢q,
I={ap;=q}+ O and there is a vector g€Z(up), g>d>0 . Since this contradicts the
GS-property, we have p<¢

If (4.4) does not hold, then w==¢,/p,>¢;/p; for some réN* and all i. Since
p>1 (by Theorem 4.2), then by strict normality there is A6D(A7'q), 2>0 . But this
contradicts the GS-property, since p=MAlg, I'={i|p,=A"q;}+ and [(iN"=¢ (by Theorem
4.2). Thus, (4.4) holds and this completes the first part of the proof. For the case d<O0 ,
N-<=@ , the proof is entirely analogous.

Let the perturbed demand &% satisfy the conditions of Theorem 4.3, and in the initial
equilibrium p only the first component of the vector déD(p) is nonzero and positive. Also
assume that the new vector of equilibrium prices is unique. Then by Theorem 4.3, the prices
of all the commodities do not decrease, and the relative increase of the first price is
maximal; with strict normality, the proportionate increase of the first price exceeds that
of any other price.

Let us now consider the behavior of the equilibrium prices in the model My(B, s) (see
jubsec. 1.5) with changing incomes and supply. The proof of the following proposition is

ased on Theorem 4.2.

As before, we use Py(B, s) to denote the set of equilibrium prices in MMy(B,s).
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THEOREM;E;E; Suppose that conditions S1-S5 hold, and
B>3, s<s's q=(0:)EP2(8,5), ¢'=(9,)€Py(B', 8").

Then g¢;>¢q; for any i such that §:>O . Moreover, let B # B' and suppose that at least one
of the following conditions holds:

{(a) the demand function of some trader k such that Pp>f;’ is strictly normal;

(b) the demand function of some trader k with positive income B.>0 is indecomposable.

Then ¢>=>¢’

Proof. 1If Z(P) is the excess demand in the model M, (B, s) , then, by normality
of the traders, there is f€%D(¢’), f>0 . Since g¢=max{q, ¢}Py(B,s) by Theorem 4.2, we

m
have QS:zﬁkzaS . Therefore q,--—:t;i for §,>0 , i.e., ¢;>¢q/ .
r=1
If B # B', then f # 0. Under condition (a), the vector f may be chosen strictly posi-
tive. Therefore the second proposition of the theorem follows from Theorem 4.2. Q.E.D.

COROLLARY 4.2. If ¢, ¢'€Py(B,s) and s§;>0 , then g,=¢q/

Note that propositions close to Theorem 4.4 are given in [32] (for the single-valued
case) and in [27].

Remark. Suppose that the GS-function P (p)=(D;(p)) is defined and continuous on
intR,® , satisfies A2, A4, and Morishima's strong indecomposability condition [19] (see
Subsec. 4.2). Then Theorem 4.2 implies the second Hicksian law in strong form. Indeed, let
the price of the n-th good (the numeraire) be fixed. Consider the function P(p) with
{n — 1) components ﬁZ(p)::ﬂh(p) i=1,...,n—1 . By the Walras law, the functions % (p) and
‘@(b) have the same set of zeros (up to a scalar factor). Furthermore, PD(p) may be
regarded as defined on intRifl; it is easily seen to satisfy condition A3, and it is also
normal and has the g.s. property. Strong indecomposability of 2 (p) implies indecompos-
ability of ﬁﬁ(P) . Thus, Theorem 4.2 applies to 9 and implies the strong form of the
Hicksian law for a system with excess demand 2 .

Also note that if the GS—function D(p) satisfies A2 and A4, then Opoitsev's addi-
tional condition [21] (see Subsec. 4.2) leads to strict normality of Qﬁ(p) , whence by
Theorem 4.3 we conclude that the strong form of the third Hicksian law is valid for 2D (p)

4.4. Suppose that in an equilibrium system the demand for the first good increased
(due to a decrease in the demand for the n-th good, the numeraire). Let the prices of the
goods from the set L, [d1n , be fixed and assume that there are prices equating demand and
supply for all the goods ¢L ; for the goods from L the equilibrium is sustained by "ex-
ternal deliveries.'" By a known theorem of comparative statics, often called the Le
Chatelier—Samuelson principle, expansion of the set L (under certain assumptions on the
demand function) cannot increase the difference between the prices of the first good in the
new and the old equilibrium states. The increase of the first price is maximized if all
the prices (except the n-th price) are "elastic" and minimized if they are all fixed. If
in this process the expansion of the set L is associated with a strict decrease of the first
price, we have a strong form of the Le Chatelier—Samuelson principle.

The extension of the Le Chatelier principle to economic systems is due to Samuelson

[76, 77]. He considered two types of models. 1In the first case, the model is described by
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an extremal problem, and in the second case the excess demand GS-function is directly speci-
fied. The formulation of the principle is essentially different for the two cases. The
first case was developed in [60, 61, 88] and is not considered here.

Under g.s., the formulation of the principle includes comparison of the increments of
all the free prices, and not only the prices of the commodity the demand for which changed;
the qualitative behavior of all the free equilibrium prices is the same.

Samuelson [77] sketched a proof of the strong form principle for smooth demand func-
tions and strict g.s. Morishima [19, p. 25] relaxed the smoothness assumption. In order to
obtain the strong form of the theorem, he used the strict g.s. condition.‘ The Le Chatelier—
Samuelson principle was also proved in [21, p. 73] under intermediate assumptions between
g.s. and strict g.s.

All the above-mentioned authors assume single-valued excess demand; in [19, 21] it is
additionally postulated that the demand is positive homogeneous of zero degree and that the
Walras identity holds. In what follows the Le Chatelier-Samuelson principle is proved for
the multivalued case under the following additional assumption.

A6. TFor any p, q, d, f such that deD(p), f€D(q) p<qg , we have pd=>gqf .

Clearly, A4 implies A6. But A6 is satisfied also in fixed income models % , for
which the Walras identity does not hold.

Let p6iniR,rand KeN={l,...,n}. Denote

Q@ (K, p)={gEmt R," [¢[N \K]=p[N \K], 9deD(q):d [K]=0}. (4.6)

Vectors from Q% (K, p) will be called partial equilibrium prices (for commodities from

K, on condition that the prices of the commodities from L = N\K are fixed at the level py).

THEOREM 4.5 (Le Chatelier—Samuelson Principle). Let the GS—mapping % satisfy Al, A6

and consider a given vector p and given sets K, ,<K,=N, t=1,2,...,7 such that Qo (K, D)= D -
If deD(p), d|Ki|>0 , then there are vectors 9'6Q% (K,, p) such that p<g™™'<q' . If d[K,|<0,
then for some p'eQg (K, p) we have p<ptlLp .

The proof of Theorem 4.5 requires a detailed study of partial equilibrium, which is the
subject of the next subsection. As a byproduct, we will derive the conditions of existence
and uniqueness of partial equilibrium prices and thus sharpen the proposition of Theorem 4.5.

4.5 We start by enumerating some important properties of partial equilibrium.

THEOREM 4.6. Let the GS-mapping 9 satisfy Al, A6, KN . Then for Qg(K,p)# < the
following propositions are true:

1) Qg(K,p) is closed under the operations max and min;

2) if ¢, ¢'€Qg(K,p) and d€D(9), d[K]=0 , then deD(d) ;

3) if 2 1is indecomposable and K # N, then Qg (K, p) includes one vector only;

4) if 96Qg (K, p), deéT(p) and d]K]<O0. , then min{g, p}€Qyg (K P), 4:<p; for d,;<0 ;

5) if q6Qqp (K, p), deD(p), d[K]>0 , then max{q, p}€Qg (K, p) ¢;=p: for d;>0 ;

6) if ¢6Qq (K. p) ¢'€Qp(K', p), K'<K , then min{g, ¢’} €Qg(K’,p) for g¢>p and max{q, ¢}
€Qg (K, p)  for g<p .

The propositions of this theorem are simple corollaries of the following technical lemma.

LEMMA 4.1. Let the GS-mapping & satisfy Al, A6 and let [€D(q), f|K]=0 for KN,
L=N\K . Then if
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ded(p), dIK|<0, plLl>q|L], (4.7

we have fE€Z(q) , where g=min{p, ¢} , and ¢;<p; whenever d;<0 . If
d'€D(p), a'lK|=0, plLI<qlL], (4.8)

then fe:@(_qT) , where ;:max{p’, g} , and g¢,>»p’; whenever d;>0

Proof. By combination Lemma 1.2, there is geixa) such that

g<dN+ L] Li={ilp.<q} =N\l

By (4.7), d[L]<f[L,]=0 , i.e., g¢<f . If g # f, then gg<gf=¢f , which contradicts A6.
Therefore g=f, d[/;]=0 , whence follows the proposition of the lemma for the case (4.7).
The second proposition is similarly proved. Q.E.D.

Proof of Theorem 4.6. Propositions 1. 4, and 5 of Theorem 4.6 are obvious by Lemma 4.1.

Proposition 2 follows from Lemma 4.1 since ¢'=max{g’, 51 , where g=max{g’ g} . Proposition
3 follows from the definition of an indecomposable GS-mapping using propositions 1 and 2 of
the theorem. Proposition 6 is easily checked by applying Lemma 4.1. Q.E.D.

Now using properties 4~6 of partial equilibrium, we can easily prove the Le Chatelier—
Samuelson principle.

Proof of Theorem 4.5. For d[K;|>0 , proposition 5 of Theorem 4.6 indicates that there

are vectors 0'6¢Qg (K, P) such that ¢'>p . Let t—9! and construct ¢ =min{g?, v**1} . By
proposition 6 of Theorem 4.6, ¢*'€Qg (Ky1 p) . Clearly, ¢*>¢**'>p . The first proposition
is thus proved. The proof of the second proposition follows the same lines. Q.E.D.

The following theorem gives conditions for the existence of partial equilibrium.

Theorem 4.7. Let the GS-mapping 2 satisfy Al, A5. If for given pf, K there exist

vectors p, q, d, f such that

- . 4.9
p<p<q, pi<q; for igK, (4.9)
deD(p), d[K]>0, feD(9), [fIKI<O, (4.10)
and then there is a vector r such that
p<r<gq, réQg (K, p) (4.11)

The procf is based on Lemmas 1.1 and 1.2 (it is not given here).

Under the additional assumption of normality, Theorem 4.7 implies that nonemptiness of
Z°? leads to existence of partial equilibrium with arbitrarily fixed prices of an arbitrary
proper subset of goods, since for any j there are p, q, d, f satisfying (4.9) and (4.10) in

this case.

5. COALITION STABILITY OF ECONOMIC EQUILIBRIUM

5.1. Fairly recently, Gale [49] and then Aumann and Peleg [40] established that an ex-
change equilibrium may be unstable in a certain sense. Their analysis is conveniently inter-
preted in terms of international trade (trade between countries or economic regions).

Suppose that in each region there are several firms which exchange goods among them—
selves and with other firms at equilibrium prices. Suppose that the firms in the first
region redistributed their initial stocks and continue exchange transactions within the frame-
work of the entire system. Given the new allocation of the initial stocks, the old prices no

longer equate demand and supply. Suppose that price adjustment leads to a new equilibrium.
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Is it possible that the firms in the first region benefit from the adjustment compared with
the original state? Note that according to the core theory (see, e.g., [20, p. 285]), they
can gain only by trading with "foreign'" firms, some of which must lose.

An affirmative answer to this question indicates that the initial equilibrium is un-
stable under redistribution of the initial stocks. Examples of instability in this sense
were demonstrated in [49, 40]. In [54] it was shown that ''the majority™ of pure exchange
models are unstable and therefore stability must be ensured by very special conditions. Suf-
ficient conditions of stability were derived in [27]. The corresponding result directly
using the notion of GS-mapping is formulated below in a slightly generalized form.

5.2. Consider the model M (W), W= (w* keM), w*¢R,® . A coalition is an arbitrary non-
empty subset of consumers McM

Definition 5.1. The allocation of goods (cz,keﬂ4) is called M-admissible in the model

M, (W) if it is an equilibrium allocation in the model %, (W) for some W = (w*, kM) such
that @W*ER,™

W< Nt [ Jwh, wrswh, i kEM. (5.1)
RGM kG PP rGit
By (5.1), a coalition may not only redistribute the initial resources between its members,

but also destroy them partially or completely and transfer them to traders outside the coali-
tion. Note that it is possible to gain from partial destruction of the stocks (a phenomenon
observed in practice in capitalistic firms), as demonstrated by an example in [40]. The case
when a firm can benefit by free transfer of part of the resources to a partner was studied by
Balasko [41] in a two-commodity, two-trader model.

Definition 5.2. Let (p,c% B6M) Dbe an equilibrium in the model M (W) . This equili-

brium is weakly coalition stable if for any coalition M and any M -admissible allocation
(ck, keM) there is an index réM such that #,(¢)>u,(c’) . If either u,«ﬂﬁ>lq(2ﬁ for some
réM or uk@ﬂ);>uk&ﬂ) for all k&M , the equilibrium is called coalition stable,

Pareto optimality of equilibrium implies that preference uniqueness (Definition 3.1) is
a necessary condition of weak coalition stability.

THEOREM 5.1. Let assumptions S1-S5 (Subsec. 3.2) hold. Then any equilibrium in I,(W)
is weakly coalition stable. If, moreover, (A) all the mappings @*(p,1} are strictly normal
or (B) ®!(p,1) is indecomposable and w' # O for some t, then any equilibrium is coalition
stable.

If neither condition (A) nor (B) is satisfied, the second proposition of Theorem 5.1 is
not necessarily true [27].

Note that Theorem 5.1 admits traders with zero initial stock vectors wX. This corre-
sponds to a case when the coalition enlists new consumers, which earlier traded only poten-—
tially due to lack of resources, or even creates an Yartificial” consumer (a new firm) with
special behavior to which part of the stocks are transferred. Theorem 5.1 shows that in this
case the coalition members may benefit only if the conditions of gross substitutability and

normality are vioclated.
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5.3. The proof of Theorem 5.1 uses a construction which is also useful in other cases

m
(in particular, in proving Theorem 3.2). Fix W=(wt k€M), w*>0 . Let w:}_: w* and sup-
fast]
pose, as before, that P,(B,w) is the set of (positive) equilibrium prices in the model

My (B, W), B—=(B; k€M) . Let the conditions S1-S5 hold. If p, p’6P,(B, @) , then by Theorem
3.5, pwt=p'w*® Yk . Denote the value of this scalar product by P,(B,w)@* . Define the
function 6 =(,):intR ,"-—>R™ | A

7 (B) =Py (B, w) w* — s (5.2)

Let H#0={B|# (B)=0} and E (W), E. (B, -"w) be the equilibrium sets in the models WM, (W)
and M, (B, w) , respectively.
LEMMA 5.1. Let w*%0VEk and E (W)==& . If conditiomns S1-S5 hold, then

1) #(B) 1is defined on intR,” and is continuous;

2) #(hB)=1r3E (B) VA>O ;

3) Z %, (B)=0 3

h=1
4) H(B) has the property of gross substitutability;

) W)= U B (B @)

The existence of #(B) on intR” follows from Theorem 3.4, and property 4 follows
from Theorem 4.4. Continuity is easily checked using Theorem 4.4. The remaining proposi-
tions follow from the definitions. .

Let Ez(ﬁ, c*, kM) and n=(ﬁ, c%, kM) be equilibria in models €M, (W) and Mm (W) ,
respectively, and let the allocation (E", keM) be M-admissible in 9311(“7/) for the coalition
M. 1In what follows we prove the proposition of Theorem 5.1 for the model M, (W) , addition-
ally assuming that w!=£0VEk .

Denote
Br=pot=pct, B—pwt=pcti B=@, BB,
I m
W== 2 "l\wk7 Z}'): 2 ‘&}k,
= kel

In order to establish weak stability, it suffices to show that pAc~’<ﬁ, for some reM

1

Without loss of generality, let wt+0 Vi , Consider the function #(B) defined in (5.2)
for wt=w* . Clearly, Be#v . If B¢ then applying Theorem 4.1 to the function 4 ,
we find a vector B'=(f,) and an index r such that

B'e#, B'>B, §,/=f, reM =kl H,(B)<0} .3)
(by property 3, M #@& ). 1f Besgo , then let B’=f . By Proposition 1.2 and the con-
ditions S, Theorem 3.1 on the direct product is applicable to the model 9)?1(W) . By this

theorem,

where p'ePy (B, rg;)) . Since
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by Theorem 4.4, we obtain

Pt L plch =Py, BEM. (5.4)

If B'=B , then by (5.4), for any k, the vector c¢* is no better than ¢* for the trader k.
For B’-+B this is true for some rEM- (see (5.3)). If either condition (A) or (B) holds,

then by Theorem 4.4 pE’<:B, , so that ¢ is strictly worse than ¢’ . It remains to show

that réM . Suppose that this is not so; then W= . Again applying Theorem 4.4, we obtain

0> 28,(B)=Py(B, w)w —B, > pw —p,=0,
which is impossible. We have thus proved the theorem for &ﬁgéo
In the general case, the function 6 1is defined on a cone determined by the equilibria
&, m and the Theorem 3.4. Since some components of B may be zero, Theorem 4.1 does not
appiy, but (5.3) may be proved directly and all the following results remain true.
5.4. As proved in [24], increasing the individual income in 9My(B,s) may reduce the
objective function value in the new equilibrium, but the conditions of g.s. and normality

rule out this phenomenon. These conditions also ensure coalition stability under redistri-

bution of income in My(B,s) [27].

6. TATONNEMENT PROCESSES
6.1. A considerable body of mathematical economic research deals with the stability of

the price-adjustment tatonnement process specified by the system of differential equations

9 _ % (o). -1

Here the right-hand side is linked by certain relationships with the excess demand function

% , e.g., it is proportional to the excess demand or satisfies the conditions

(6.2)
sign§; (p)==signZ; (p), i=1,..., n, Vp,
where
1, x>0,
sign x = 0, x=0,
—1, x<0.

Equation (6.1) is considered as a model of price behavior under conditions of perfect
competition. It is intended to reflect the fact that in a market with many traders, the
price of a good generally increases if demand exceeds supply and decreases in the opposite
case.

In Soviet economic literature, a different interpretation of the processes (6.1) is
accepted, corresponding to the interpretation of equilibrium models as schemes that ensure
solution matching in a planned economy. According to this interpretation, the equation
(6.1) describes a rule which enables the planning organ to arrive at a balanced plan by a
process of selecting the equilibrium prices [8]. It is significant that such a process can
be organized utilizing only the current values of the excess demand: it does not require
detailed information on utility functions and local technologies.

Discrete analogs of the equations (6.1) may be used as algorithms to compute equilibrium

prices and programs.
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The stability of the solutions of equation (6.1) in the economic context was first con-
sidered by Samuelson [75]. 1In [55, 69] it was shown that, given a differentiable GS—function
D=F (satisfying certain additional assumptions), the process is locally stable. The
first global results were derived by Arrow and Hurwitz {37] and by Arrow, Block, and Hurwitz
[35] for strict gross substitutability; the nonstrict case was considered in [38, 64, 86].

A survey of these and some other results can be found in [70], [36, Chaps. 11-13], [10, Chap.
9], [20, Chap. VI]. Rader [74] considered a special equilibrium model with production and
showed that local asymptotic stability is ensured if the demand function (and not the excess
demand) has the g.s. property, since the supply function S(p) automatically satisfies the
monotonicity condition (p—q)(S(p)—S(g))=0 Vp, g .

The rate of convergence of the price adjustment process near the equilibrium is esti-
mated in [43].

In all the above-cited studies, the function % was assumed positive homogeneous of
degree zero, and the Walras identity was usually postulated. The global results were cbtained
by the second Lyapunov method.

Recently, Howitt [57] proved global stability for a differential inclusion with the
right-hand side defined by an AGS-mapping with an additional condition emsuring uniqueness
of the equilibrium prices (up to normalization). In what follows, we will prove two theorems
generalizing this result (see Subsec. 6.4).

In the single-valued case, many authors [37, 35, 86, 10] studied in addition to (6.1)
also the so-called normalized (or normed) process in which the numeraire price is fixzed.
Other modifications of the process (6.1) were also considered. If the equilibrium vector is
not assumed to be strictly positive, the process must be prevented from reaching the boundary
of Ry™. To this end, a certain condition of "reflection from the boundary" is added to (6.1)
[38, 64, 86]. A more basic modification is associated with the assumption that prices change
in response to expected, and not actual, demand. This introduces additional complications in
the model. Some results of this kind will be found in [39, 10]. So far they remain without
further development.

6.2. For the excess demand £ (p) , which is not necessarily single-valued, the con-

tinuous-time tatonnement process may be defined by the differential inclusion

22 e (p), (6.3)

where the mapping & satisfies the following sign constancy condition:

Fl. For any vectors p=(pi), [=([i) such that [eF (p) , there is d=(d,)€D(p) for which
sign f;=signd; for all i.

The inclusion (6.3) defines a normalized process with fixed numeraire price (the n-th
price) if & satisfies the following condition:

F2. For any p=(py), [=(/;) such that feF (p), we have [,=0 and sign fizsign d;, i=n, for
some d=(d;)eD (p)

Suppose that & 1is defined on the set 1&:Rn,p°6V and T is a positive number. The
function p:[0,T]—V 1is called a solution of the differential inclusion (6.3) on the inter-

val [0, T] with the initial conditions p(0) =p° if it is absolutely continuous, p(0) =p° and
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@%glegr(p(ﬂ) for almost all t. The function p(t) is a solution of (6.3) on [0, 4o00) for

p(0)y=p° if it is a solution of (6.3) on [0, T] for any T>0 with the same initial condi-
tions. In this case, p(t) is also called a path of the process (6.3).

A point g€V 1is called an equilibrium if 0€%£(¢) . As before, Z'={g|0¢D(q)} . The
following definition of tatonnement stability is a generalization to the case of multivalued
excess demand.

Definition 6.1 ([57], see also [86, 44]). The process (6.3) is quasistable if for any

p°6V  there is a path originating from . p® , each path is bounded, and all its limiting
points* belong to %° . The process is stable if it is quasistable and every path has a
single limiting point.

Note that this terminology differs from the conventional terminology of mathematical
stability theory.

In what follows we assume that 9 satisfies conditionsAl, A2, and A3 (see Subsec. 1.6).
Condition Al is also extended to & .

This property is observed, say, in a mapping & defined in the following way:

F =T @ L) =1/ /=T (p)d. deZ (p)} 6.4
where ['(p) 1is a diagonal matrix which is a continuous function of p; vyi(p) are the diagonal
elements of this matrix. If all the functions ¥v:(P) are positive, then Fl holds; if yn(p)==0
YMp);>0,i;&n , then # satisfies F2 and defines a normalized process.

Stability theorems for the process (6.3) will be proved in Subsec. 6.4. First, however,
we have to establish the properties and the existence of paths of this process.

For the vectors pP=(P:). 94=(g,)6intR," we define
Mp, @)=maxp;/q;, W(p, 9)=minp,/q; (6.5)
iE.V ief\/

where N={1,2,...,n}

The following lemma plays an important role in proofs of stability of the tatonnement
process (613)'

LEMMA 6.1. Let the GS-mapping 2 satisfy Al, A2, A3, and let one of the conditioms
F1, F2 hoid for the mapping & . If ¢€2° and the function p(t) is a solution of the dif-
ferential inclusion (6.3) on the interval [0, T] for some T7T>>0 , then the function A(p({),q)
is nonincreasing, and p(p(f),¢) is nondecreasing on [0, T].

If q is a unique vector (up to a scalar factor) included in 29, and the difference
Ap(t),q)—u(p(f),q) 1is constant on [0, T], then p({)=ag for all (€[0,T] for a=i(p(0),q)=
w(p(0),9) .

Proof. Denote [({y=r(p({), q), m({®) =u(p(?),q) . For any (6[0,T] we have

L(6) g, m (D) gETy, L(t)g=p®)>m(d)q, 6.6)
L()y={i|pi()=L(@) g} * 2, LnO)={i|p(O)=m()q}+ .
Using the identities (where @, b are real numbers)

max{a, by=(a+b+|a—25|)/2, min{e b)=(@+b--la—0b])/2,

*P isa limiting point of a path if p(t)y—>p for some sequence {¥>+oo
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we can easily check that [(t), m(t) are absolutely continuous. Therefore, almost everywhere
on [0, T], there exist arbitrary functions [(¢), m(¢), p(¢) (we denote them by L(t), m(#), pt)),
and by (6.6) the following relationships hold for any j&/,(f) and S€/,(¢) :

L= g7 lim B (R g, =10 ) <47 lim A7 () (1) — 1, (D) =47 B, (1) ©.7)
m()=qs" lim b7 (m(t+-h) g, —m(£) g, >q;" lim A7 (po (£ 1) = P () =45 D, (1) (6.8)
-4 -

By Theorem 4.1 (6.6) and the inclusion p (£ (p(¢)) imply (in virtue of either of the
conditions Fl, F2) that for almost every {£€[0,7] there are Jj&[,({), S6/,(f) such that
j;j,(t)\<0, I}S (#)>0 . Therefore i(t)<0, iiz(t)>/0 almost everywhere on [0, T]. By absolute
continuity of [(f) and m(¢) , this leads to the first proposition of the lemma.

If %0 is a ray, Theorem 4.1 and relationships (6.6), (6.7), (6.8) imply (by either
F1 or F2) that {(f)—m(£)<0 for almost all t such that p(t)€D0 . Therefore, under the
additional assumptions of the lemma, for almost all t we have p(f)eD¢ p(t)=I(f)g=m(t)q
Thus, using the properties of the functions p(f),[(f) , and m(f) , we obtain the second
proposition of the lemma. Q.E.D.

In Lemma 6.1 we assume that the differential inclusion (6.3) has a solution. In the
following subsection we give the conditions for the existence of paths of this process.

6.3. Consider the compact set
K={pla<p(p, q)<r(p, q) <P}, (6.9)

where A and u are defined in (5.6), f>a>0 and ¢ge2° . Let Cy([0, T]; K) be the space
of continuous functions on [0, T] with values in K, endowed with the uniform convergence
topology.

The following propesition can be proved following the scheme suggested in [44].

THEOREM 6.1. Let the GS-mapping %2 satisfy Al, A2, A3, and let Al and one of the condi-
tions Fl, F2 hold for the mapping % . Then, for every positive compact set K of the form
(6.9) and every point p® from this set, there are paths of the process (6.3) originating
from p® . Also (1) none of these paths leaves K; (2) the set S:(p°) of the initial sections
of the paths originating from p° with ?€[0, T] is a nonempty compact set in C ([0, T]; K);
(3) the mapping St is upper semicontinuous on K.

This theorem implies the existence of positive paths of the process (6.3) originating
from any given point in intR,™ .

The theorem is proved by constructing an auxiliary bounded mapping & which is defined
(unlike & ) on the entire R* and coincides with & on some positive compact set whose

interior includes K (see [57]). For the auxiliary process

%659(17) (6.10)

paths exist by the CastaignmValadier theorem (see Theorem Al in [44, pp. 292-293]). Their
initial sections are solutions of (6.3). By Lemma 6.1 the paths of processes (6.10) and (6.3)
originating in K coincide for all t and do not leave K. Properties (2) and (3) follow from

the Castaign—Valadier theorem.
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6.4. We now proceed to analyze the stability of (6.3). By [44], the Lyapunov function
of the process (6.3) on a closed set V—Rr 1is defined as the continuous function :V—R!
such that (1) for each path p(t) of the process included in V, the function £ (p(f)) has a
limit for ¢->-+4o0 3 (2) if there is a path p(t) originating in V such that for some T3>0 the
function Z(p(f)) is constant on [0, T], then F (p(0))30 .

If all the conditions of Lemma 6.1 hold, then Z(p) =r(p, §)—pn(P, §) 1is a Lyapunov func-
tion of the process (6.3) for any positive compact set K of the form (6.10). Therefore, the
quasistability theorem of [44] can be applied to prove the following stability theorem for
tatonnement processes (6.3) (both normalized and unnormalized) for a system with gross sub-
stitutability of the excess demand.

THEOREM 6.2. Let the GS-mapping % satisfy Al, A2, A3, and let Al and one of the condi-
tions Fl and F2 hold for the mapping % . Then, if there is an equilibrium vector g¢eg° and
it is unique (up to a scalar factor), the process (6.3) is stable on intR,» .

Proof. Since Q(P)=7».(p, g)—p(p, q) is a Lyapunov function of the process (6.3) on the
compact set K (6.10), Theorem 6.1 from [44] implies (by virtue of propositions (1), (2), and
(3) of Theorem 6.1 from Subsec. 6.3) that any limiting point p of any path p(t) belongs to
FO0={p|F (p)d0} . By the conditions of Theorem 6.2, F°c%P° . Thus, the process (6.3) is
quasistable.

By Lemma 6.1, the limits of the functions A(p(£),p) and n(p(f),p) exist as f— -

Since '[—;: fim p(tv) for some sequence ¢ -»-- o , then from the definition of 4 and W@ it
v—>-+too '

follows that lim A(p (), E):tligl p(@@®, p)=1 . Since
fatco —-00

Mp @), Y p>p () >n(p(E), p) s
we conclude that p(f)-»p for f—+4o . Q.E.D.

Note that many authors prove stability using propositions similar to Lemma 6.1 and
Theorem 6.1, with the aid of the same Lyapunov function Z(p)=>A(p, 9)—nr(P, q) (see, e.g.,
[35, 571).

The results of Subsec. 3.2 are examples in which pure exchange models with multivalued
excess demand (satisfying the conditions of Theorem 6.2) have unique equilibrium prices. This
is not always so, however.

If the equilibriurﬁ prices are not unique, we have the following theorem for a GS-mapping
satisfying condition A4 (the Walras identity, Subsec. 1.6), which is stronger than A3. It
implies partial stability of the normalized and unnormalized tatonnement processes.

_THEOREM 6.3. Let the GS-mapping 9% satisfy conditions Al, A2, A4, and let the mapping
F be defined by relationships (6.4) with constant nonnegative diagonal matrix I' whose
diagonal elements ¥: are positive for i # n. Then, if 2°# & , the process (6.3) is stable
on int R,"

Proof. By Theorem 2.5 (see Subsec., 2.6), we have

gd >0 for geI®, de%D (p), peintR,”, (6.11)
for qd>0 and p¢Zo

2040



By L4, F'=I° . For some ¢*6Z° , construct the function
k%
< = V! =1 M V. __( n, Yn>0a (6'12)
() %y‘ =g, )’Where\’_ln—l, Y, =0.
For each path p(t) of the process (6.3) the following derivatives exist for any T > 0

almost everywhere on [0, T]:

dPi(t)-

2L PN . 9grat,where df—(dNET (p (1), vidi =25

dat

Therefore, by (6.11), Z(r} 1is a Lyapunov function of the process (6.3).

The rest of the proof is entirely analogous to the proof of Theorem 6.2.

Note that the function (6.12) decreases along the paths. Therefore, under the conditions
of Theorem 6.3, for w;=1, i=%n , any path of the process (6.3) displays monotone convergence
(in the euclidean norm) to the equilibrium.

Note that for systems with single-valued excess demand (assuming gross substitutability
and the Walras identity) and nonunique equilibrium prices, the function (6.12) was also
successfully applied to prove stability of the tatonnement process considered in Theorem 6.3
[35, 38]. The application of this function, as in Theorem 6.3, was based on inequalities
(6.11), which were known for the single-valued case (see [35, 38]).

6.5. The process (6.1) has not been studied for multivalued inhomogeneous GS-mappings.
However, the single-valued case was considered by a number of authors [13, 14, 21, 79, 89].
We reproduce here the fairly general result from [79].

THEOREM 6.4. Let the GS-function & (p) be defined and continuous on the set P={p|v=<
p<r} , where u, réR.", F(r)=0=F (v) . If the path p(t) of equation (6.1) converges to

some point p*=(p*)€P independently of the initial state p(0)€P , then

min(g;, —p,*)F;(9)<0 Vg=(q,)6P, q=£p*. (6.13)

i

Conversely, if (6.13) holds for some p*EéP , then p* is the unique equilibrium and
p(ty—p* for i—oo Vp(B)eP

In [79] it is also shown that under the conditions of Theorem 6.4, (6.13) is satisfied
if Vp, géP such that ¢=p, g7p there is a coordinate i for which [,(q)<[f.(p) -

Note that if in the fixed income model  My(B,s) the individual demand functions &*(p, B)
satisfy assumptions S1-S5 (see Subsec. 3.2) and are differentiable and strictly positive, the

following inequalities hold:
(P—9)(B*(p, B)—%"(q,B) <0 Vp, g€intR ", PEintR.1. (6.14)

From this fact, proved in [24], it follows that the excess demand satisfies condition (6.13).
Using the existence of equilibrium and normality and'applying Theorem 6.4, we can easily show
that the process (6.1) is stable. The following generalization of Theorem 2.5 and the rela-
tionship (6.14) is apparently also true: if the GS-mapping % satisfies Al, A3 and is normal,
then (p—¢)d<0 for all p, q, d such that de®(p), peéintR", q€ZD° , and for p¢P° a strict
inequality holds. However, so far this proposition remains unproved.

6.6. Tatonnement processes in discrete time were first considered by Uzawa [85]. One

of the processes proposed in [85] is specified by the relationships
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pi(t+1)=max {0, p,(£) 0D, (p(¢)}, i=1,...,n—1,
t=0,1,..., p,=1, p0)=p°>0, po=£0.

Uzawa does not exclude the case of zero prices for some commodities. The price vector

(6.15)

g>»0 is called equilibrium if ED((])<O, 9% (g)=0
THEOREM 6.5 [85]. Suppose that the function %(p)=(2;(p)) 1is defined in some neighbor-

hood in R.* , satisfies A2, A4, and is twice continuously differentiable; also suppose that

02;7/.[

— =L is nonsingular at some equilibrium point.
0pjope

n
the matrix with the general term aﬂ::ESpi
i=1

If the equilibrium vector q satisfies the condition
9D (p)>0 Vp+q, (6.16)
and p 1is sufficiently small, then Ilimp(f)=¢q for any poER."
oo

Under the conditions of Theorem 6.5, the inequality (6.16) follows from gross substitut-
ability and indecomposability (see Theorem 2.5).

The system (6.15) defines a normalized tatonnement process. The unnormalized price ad-
justment process with strict g.s. was considered in [10, p. 310] (the proof of its stability
contains many gaps).

If the GS-function £ is not smooth, then the process (6.15) apparently may diverge for
any fixed p . The convergence of the following unnormalized variable step process was proved

in [23] (for the multivalued case):

p(t+1)=maX{h;p(t)+p(i),|—f§—%ﬁ}, d (HED (p(¢)). (6.17)

pQ)=pi>h,
where h is a fixed (small) positive vector. The process (6.17) is defined for d{(t) # 0; for
d(t) = 0 we assume that it stops.
THEOREM 6.6 [23]. Suppose that the mapping % satisfies Al, A4, the sets 2D(pP) are
jointly bounded from below 2D°Mp|p=hl==& , and (6.11) holds. Also let

p(£)>0, gp(t)= ®, t}__"lpzu)< .

Then the sequence (6.17) converges to the set 2°.

Note that the proof in [23] actually implies convergence to a point in 2.

Using Theorem 2.5, we can easily restate Theorem 6.6 for GS-mappings.

Processes close to (6.15) are also considered in [5] (see, in particular, page 139) and
in [21, Chap. 9]. The recent algorithms for the solution of variational inequalities (see
the survey [2]) are also close to the above procedures: after an appropriate modification of
the mapping % they allow to apply a constant step process. However, the available con-
vergence proofs of such algorithms are based on conditions which differ from those assumed in
Theorem 6.6.

Uzawa [85] proposed a process of successive price changes in order to find the zeros of
the GS-function (similar to the well-known Gauss-Seidel method). Let p{(t) = (p;(t)) be the

price vector in the t-th large iteration and suppose that p;(t + 1) have already been found
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for i =1, ..., § —1. Then, according to Uzawa, the value of pj(t + 1) is determined in
the j—th small iteration by solving the equation

(6.18)
iﬁj(pl(t"]“l)’ t "pj—l(t—ll"l)’ v, pj+1 (t)v o '1prz(t»:0

for the variable v.

THEOREM 6.7 [85]. 1If a strict GS-function % is defined and continuous on intR;" ,

satisfies A2, A4, and D'+ , then the process converges to a unique equilibrium vector.
Uzawa proved this theorem by using the Lyapunov function Z(p)=A(p, ¢)—n(p, q) , where
A, n are defined in (6.5), ¢q€@°
In [11] it was shown that if the GS-function is not strict, the process of successive
price changes may diverge. It was suggested to select the index i of equation (6.18) at

random in each step, in accordance with a prespecified probability distribution m;(f), i=1,
n
., n, where :ETH(Q=:1’ () are nonzero.
i=1

When computing the root of equation (6.18), the coordinate j is incremented if £;>0,
and decremented if 2;<0 . Among the solutions of equation (6.18) we select the one which
is "the first to occur,”" as it requires the least change of the j-th price. It was proved
in [11, 17] that the modified process converges under the conditions of Theorem 6.7 even if
gross substitutability is postulated instead of strict gross substitutability. There is no
need to find an exact solution of (6.18) at each step. If p;(t+1) is the solution of (6.18)
closest to pj(t), then we may set p,(i+1)=p;(t)+o;(t) (b; ¢ +1)—p;(t)) , where 1=a;(f)=p>0
The convergence of a more general process, allowing simultaneous changes in several variables,
was proved in [17] under the same basic assumptions.

6.7. Among the algorithms available for computing the equilibrium vector under g.s.
conditions, we should mention an exceptionally simple and efficient procedure which consti-
tutes a modification of the simple iterative method. It was developed in [3, 4, 6] for the
nonlinear intersectoral balance model. Let us consider a somewhat generalized version of
this procedure.

If 9 4is a continuous GS-function on R,* and the set {p|p=0, PD(p)>0; 1is bounded
from above, then it contains a maximum point ¢, such that D(¢)=0 (Subsec. 2.4). Suppose

that for some &;>0 the function % satisfies the condition

Di(pes .. <3 Picts Pis Pigts - - o1 Pa) — T (P1s -+ s Pits Pi+0 Priys ---7Pn)<£i67 i=1...,n,
for any 8>0 and any p such that qg;p<;§,§ is an arbitrary vector. Then the following

process converges to the vector q:

" ps(t D=min{p. () PO+ 4 D2 (),
b=k, i=1,...,n pO)=q,

(6.19)

and all the coordinates p(t) are nonincreasing. In some cases, e.g., in fixed income models,
the initial vector § can be found without difficulty.
An algorithm to find a minimum point of the set &~ which ensures that all the coordinates

are nondecreasing is constructed along the same lines as (6.19) [3, 6, 9].
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7. CONCLUDING REMARKS

The assumption of gross substitutability is highly restrictive in the economic sense.
Therefore various attempts have been made to extend the results obtained for gross substitutes
systems to a broader class of cases.

The simplest generalization is the following. We say that the mapping % has the prop-
erty of gross complementarity (g.c.) if (—%) is a GS-mapping. The term "g.c." for single-
valued demand was introduced by Mosak [68], and a similar concept was used by Hicks [56].
Conditions Al, A2, A4 (Subsec. 1.6), A5 (Subsec. 2.3), and some other assumptions used above
remain valid under the change of sign. All the corresponding results are therefore applic-
able in the g.c. case (A3 should be replaced with A4, however).

Morishima [67] divided all the goods (except the numeraire) into two groups, so that
strict g.s. applies within each group and strict g.c. applies for goods in different groups.
Special conditions are imposed on the numeraire. For smooth excess demand functions satisfy-
ing a number of additional assumptions, Morishima [67] proved uniqueness of the equilibrium
vector and stability of the process (6.1). A "market' with g.s. and g.c. simultaneously was
considered also in [21].

Although the existence of equilibrium was proved under highly general assumptions (see,
e.g., [36, 20, 22]), necessary and sufficient conditions are only known for linear models
[50]. It is not clear if existence theorems of the type of Theorem 3.4 remain valid for a
wider class of cases without the g.s. condition.

A survey of equilibrium uniqueness results is given in [51, 20, 36, 13, 21]. Relation-
ship (6.11) and other versions of the "revealed preference' condition [35, 38, 24] (see also
[8, p. 138]) lead to convexity of the set of equilibrium prices or to uniqueness of equilib-
rium, and also to stability of the processes (6.1) (for F=% ). Another condition, more
general than strict g.s. in the smooth case, stipulates that the Jacobian matrix of the excess
demand has a dominant diagonal at each point [63, 72] (see also [10, 36]). This condition
also ensures uniqueness and stability of equilibrium. Two finite-increment forms of the
dominant diagonal condition are given in [13, 14]. They are apparently applicable to the
multivalued case as well, although this question has not been studied.

The tatonnement processes considered in Sec. 6 are not the only possible price adjust-
ment processes. The analysis of some of these processes is based on conditions of the type
(6.11), although entirely different assumptions may be used. A survey of the corresponding
results will be found in [36, Chap. 13] and also in [86, 52]. Among the recent studies on
this subject, we should mention the article by Smale [83].

Unfortunately, very little is known about the specific properties of utility functions
which ensure that the excess demand satisfies various particular conditions.

Possible generalizations of the theorems of comparative statics were studied in [62,

53, 73]. The results indicate that the g.s. condition cannot be substantially relaxed.
So far, Theorem 3.1 and Corollary 3.1 (equivalence of nonunique equilibria) remain with-

out generalization. The same applies to Theorem 5.1 of coalition stability.
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