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We consider two models of lump sum taxation in pure exchange economy.
In the �rst model there are m economic agents with initial endowments xk ∈ Rl

+
and demand functions fk(p, wk), k = 1, . . . , m, where p ∈ Rl

+ is a price vector, l is
the number of products and wk is the income of the k-th participant. The state which
has demand function f0(p, w0) collects from the k-th participant a lump sum tax αk

(for αk < 0 this means that the state gives �nancial aid) and enters the market with
�nancial resources w0 = α =

∑l

k=1 αk. Thus the total product x =
∑m

k=1 xk is to
be distributed between m + 1 participants, and the equilibria are described by the
system of equations f0(p, α) +

∑m

k=1 fk(p, 〈p, xk〉 − αk) = x, where α ≥ 0, 〈p, xk〉 −
αk ≥ 0. It turns out that in this model there always exists an equilibrium, and for
almost all economies the set of equilibria is a one-dimensional manifold (a union of
an odd number of rays and several arcs). We show that, varying the taxes αk and
considering various equilibrium states, one obtains all Pareto optimal distributions
of resources x between the m+ 1 participants (including the state). However there is
always a conict of interests between the participants in choosing the most favorable
equilibrium price. In particular, if the prices are high, then we show that the state
would like to lower the prices of all commodities while some other participants favor
ination. Next we study economies with gross substitutability. It turns out that the
set of equilibria in such an economy is di�eomorphic to a ray along which the prices
of all commodities grow to in�nity and that all equilibria are stable with respect to
the tâtonnement process. The state prefers the equilibrium prices to be as low as
possible, but some of the agents always favor ination.

The second model di�ers from the �rst one in that the state acquires from the
participants �xed resources y necessary for its functioning. The goal of taxation
in this model is to modify demand, and the equilibria are described by the system
of equations

∑m

k=1 fk(p, 〈p, xk〉 − αk) = x − y. In contrast to the �rst model,
equilibrium in this model does not necessarily exist, and we give su�cient conditions
for existence of equilibria (e.g. 0 ≤ y ≤ x, αk ≥ 0, k = 1, . . . , m, α > 0 or y ≤ 0,
αk ≤ 0, k = 1, . . . , m, α < 0). We show that for almost all economies there are
only �nitely many equilibrium prices and that varying the taxes one can obtain an
arbitrary Pareto optimal distribution of resources x− y between the m participants.
In the case of gross substitutability the equilibrium is unique, but it can well be
unstable with respect to the tâtonnement process.

Introduction
A popular topic in mathematical economics in recent decades is construction and

study of models of mixed economy in which market mechanisms are combined with
an active involvement of the state. This allows to introduce rationing, manipulation,
social policy, etc in the classical Arrow-Debreu theory. Here we consider two very
simple models of such type, where the state exercises �nancial control in Walrasian
economy without production by imposing taxes on the participants.
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In the �rst section we consider a model in which there are m economic agents
with initial endowments xk ∈ Rl

+ and demand functions fk(p, wk), k = 1, . . . , m,
where p ∈ Rl

+ is a price vector, l is the number of products and wk is the income of
the k-th participant. The state which has demand function f0(p, w0) collects from
the k-th participant a lump sum tax αk (for αk < 0 this means that the state o�ers
�nancial aid) and enters the market with �nancial resources w0 = α =

m∑
k=1

αk.

Thus the total product x =
m∑

k=1
xk is to be distributed between m + 1 participants,

and the equilibria are described by the system of equations

f0(p, α) +
m∑

k=1
fk(p, 〈p, xk〉 − αk) = x, α ≥ 0, 〈p, xk〉 − αk ≥ 0.

It turns out (cf. Theorem 1) that in this model there always exists an equilibrium,
and for almost all economies the set of equilibria is a one-dimensional manifold (a
union of an odd number of rays and several arcs). We show (cf. Theorems 2 and 3)
that, varying the taxes αk and considering various equilibrium states, one obtains
all Pareto optimal distributions of resources x between the m + 1 participants
(including the state). However, there is always a conict of interests between the
participants in choosing the most favorable equilibrium price. In particular, if the
prices are high, then we show that the state would like to lower the prices of all
commodities while some other participants favor ination (cf. Theorem 4). Next we
study economies with gross substitutability. It turns out that the set of equilibria in
such an economy is di�eomorphic to a ray along which the prices of all commodities
grow to in�nity and that all equilibria are stable with respect to the tâtonnement
process (cf. Theorems 5 and 6). The state prefers the equilibrium prices to be as
low as possible, but some of the agents always favor ination (cf. Theorem 7).

In the second section we consider another model which di�ers from the �rst one
in that the state acquires from the participants �xed resources y necessary for its
functioning. The objective of taxation in this model is to reduce demand, and the
equilibria are described by the system of equations

m∑

k=1
fk

(
p, 〈p, xk〉 − αk

)
= x− y.

In contrast to the �rst model, equilibrium in this model does not necessarily exist,
and we give reasonable su�cient conditions for existence of equilibria (cf. Theo-
rem 8). We show that for almost all economies there are only �nitely many equilib-
rium prices, and that varying the taxes one can obtain an arbitrary Pareto optimal
distribution of resources x− y between the m participants (cf. Theorem 9). In the
case of gross substitutability the equilibrium is unique, but it can well be unsta-
ble with respect to the tâtonnement process (cf. Theorem 10 and the subsequent
remark).

Notations

1. Tax control in the case of fixed revenue
In the model there are l products and m economic agents the k-th of which has

initial endowment xk ≥ 0. There is also the \state" all of whose �nancial resources
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come from taxation. Let αk be the lump sum tax paid by the k-th participant,
and let α =

m∑
k=1

αk ≥ 0 be the total levy collected by the state (we do not assume
that all taxes are nonnegative; αk < 0 if the state provides �nancial aid to the k-th
economic agent using some of the money collected from the other agents). Thus
the market consists of m participants whose incomes are equal to the cost of their
initial endowments less the taxes and the state that does not have resources of its
own, but spends the tax money α to buy them. It is convenient to assume that
economy is de�ned by a point

ω ∈ 
 =
{

(xj
k, αk) | xj

k ≥ 0, xj =
m∑

k=1
xj

k > 0, α =
m∑

k=1
αk ≥ 0,

k = 1, . . . , m, j = 1, . . . , l
} ⊂ Rlm+l+m

+ .

Let fk(p, wk) be the demand function of the k-th participant, k = 1, . . . , m, and
let f0(p, w0) be the demand function of the state, where p is a price vector and wr

is an income, r = 0, . . . , m. We assume that fr : Rl
+ × R+ → Rl

+, fr(Rl
+ × 0) = 0

and the functions fr are generated by strictly monotonous strictly concave three
times continuously di�erentiable utility functions ur : Rl

+ → R, i.e.

fr(p, wr) = argmax ur(z), z ∈ Rl
+, 〈p, z〉 ≤ wr, r = 0, . . . , m.

In this case it is known that the demand functions fr are twice continuously di�er-
entiable (ref).

As usual, to obtain meaningful results one should impose a boundary condi-
tion on the demand functions. We assume that the aggregate demand function
f(p; w0, . . . , wm) =

m∑
r=0

fr(p, wr) satis�es the following desirability condition:

(DES)
If pn → �p, pn ∈ Rl

+, �pj = 0 ∃j, 1 ≤ j ≤ l, lim wn > 0,

wn =
m∑

i=0
(wi)n, then ‖f(pn; (w0)n, . . . , (wm)n‖ → ∞.

Condition (DES) means that if the aggregate income is �xed (and positive), then a
slump in prices of some commodities leads to an unrestricted growth of aggregate
demand.

A positive vector p is an equilibrium price vector if the corresponding demand
equals supply, i. e.

f0(p, α) +
m∑

k=1
fk(p, 〈p, xk〉 − αk) = x,

x =
m∑

k=1
xk > 0, 〈p, xk〉 − αk ≥ 0, k = 1, . . . , m.

If α1 = · · · = αm = 0, then our model reduces to the usual pure exchange model.
In this case the set of equilibrium prices is stable with respect to multiplication
by R+; for a generic pure exchange economy this set is a union of a �nite (odd)
number of rays coming out of the origin (cf. ref). In the presence of taxation this
is no longer so.
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Theorem 1. For each economy ω ∈ 
 there exists an equilibrium. Moreover, for
almost all economies ω ∈ 
 the set of equilibria is di�eomorphic to a union of an odd
number of rays (closed for (α1, . . . , αm) 6= (0, . . . , 0) and open for (α1, . . . , αm) =
(0, . . . , 0) ) and a �nite number of arcs.

One of the possible goals of the state in this model is to reach a suitable equi-
librium distribution of commodities.

Theorem 2. Fix an allocation {xk}, xk ≥ 0, k = 1, . . . , m, x =
m∑

k=1
xk > 0 and a

revenue α > 0. Then, varying the taxes αk and considering all equilibrium states,
one can obtain arbitrary Pareto optimal distributions of resources x among m + 1
economic agents the r-th of which has utility function ur, r = 0, . . . ,m. More
precisely, let

Parsx =
{

(y0, . . . , ym), yr > 0, r = 0, . . . , m,

m∑
r=0

yr = x
∣∣ @(y′0, . . . , y′m),

y′r > 0,

m∑
r=0

y′r = x, ur(y′r) ≥ ur(yr), r = 0, . . . , m,

m∑
r=0

ur(y′r) >

m∑
r=0

ur(yr)
}
.

Then the manifold

Wα
{xk} =

{
(ω, p)

∣∣ xk(ω) = xk, 〈p, xk〉 > 0, k = 1, . . . , m, α(ω) = α,

f0(p, α) +
m∑

k=1
fk(p, 〈p, xk〉 − αk)−

m∑

k=1
xk = 0

}

is naturally di�eomorphic to Parsx.
If α = 0, i.e. there is no state demand and the �scal policy reduces to redistribut-

ing income between the participants, one has the following analogue of Theorem 2.

Theorem 3. In the conditions of Theorem 2, varying αk so that α =
m∑

k=1
αk =

0 and considering all equilibrium states, one can obtain arbitrary Pareto optimal
distributions of resources x among m economic agents the k-th of which has utility
function uk, k = 1, . . . ,m. More precisely, let

Parx =
{

(y1, . . . , ym), yk > 0, k = 1, . . . ,m,

m∑

k=1
yk = x

∣∣ (y′1, . . . , y′m),

y′k > 0,

m∑

k=1
y′k = x, uk(y′k) ≥ uk(yk), k = 1, . . . ,m,

m∑

k=1
uk(y′k) >

m∑

k=1
uk(yk)

}
.

Then for each P > 0 the manifold

W 0,P
{xk} =

{
(ω, p)

∣∣ xk(ω) = xk, 〈p, xk〉 > αk, k = 1, . . . ,m, α(ω) = 0
m∑

k=1
fk(p, 〈p, xk〉 − αk)−

m∑

k=1
xk = 0,

l∑

j=1
pj = P

}
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is naturally di�eomorphic to Parx.
It might seem that the results of Theorems 2 and 3 should satisfy the state since

a suitable taxation scheme allows to obtain a distribution of resources compatible
with the state's preferences. However in the above model the state imposes taxes,
but it cannot inuence the choice of equilibrium prices. By Theorem 1, for a general
economy ω ∈ 
 the equilibrium prices form a one-dimensional manifold, and each
economic agent has his own preference relation on this manifold. If the participants
having initial endowments agree to choose a certain equilibrium price, then the state
has nothing to do but to buy commodities at this price. We undertake a formal
study of this problem using the techniques of indirect utility functions. In particular,
for almost all economies ω ∈ 
, we prove the following
Theorem 4.

a) If, for an equilibrium price p at ω, some of the participants (or the state) are
interested in raising (resp. lowering) prices, then there also exist participants
(or the state) who are interested in lowering (resp. raising) the prices.

b) Suppose that p is a su�ciently large equilibrium price vector at ω (i.e. ‖p‖ >
C, where C = C(ω) is a suitable constant). Then the state is interested in
lowering the prices of all commodities (while from a) it follows that there
exist participants interested in raising prices).

Theorem 4 shows that the interests of the participants revealed in their esti-
mate of the various equilibrium states come into conict with each other, and if the
prices are high enough, then, in accordance with common sense, the state whose
revenue is �xed (?: α = 0 { special etc) does not favor ination. If the prices
are low, then this is not necessarily true, and one would like to �nd out for which
demand functions the above property holds for all equilibrium prices. In the clas-
sical economic theory it is customary to study the class of economies with gross
substitutability for which the (normalized) price vector is unique, stable with re-
spect to the tâtonnement process and has a number of other important properties.
It seems worthwhile to study properties of equilibria in our model under these most
favorable circumstances. We use the following

De�nition. An aggregate demand function f(p; w0, . . . , wm) =
m∑

r=0
fr(p, wr) sat-

is�es the condition of gross substitutability (resp. strong gross substitutability) if
∂f j

∂pt
≥ 0 (resp. ∂f j

∂pt
> 0) for all 1 ≤ j 6= t ≤ l.

Theorem 5. Suppose that all economic agents have normal demand (i.e. ∂fk

∂wk
≥ 0,

1 ≤ k ≤ m), the aggregate demand satis�es the condition of gross substitutability
and one of the following conditions holds:

(i) xi = xi(ω) > 0 for some 1 ≤ i ≤ m;
(ii) The demand of all economic agents is strictly normal (i.e. ∂fk

∂wk
> 0 for

1 ≤ k ≤ m);
(iii) The aggregate demand satis�es the condition of strong gross substitutability.
Then the set of equilibria in ω is di�eomorphic to a ray along which the prices

of all commodities grow and tend to in�nity.
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The standard tâtonnement process in our situation is described by the system
of ordinary di�erential equations dp

dt
= E(p), where

E(p) = E(ω, p) = f0(p, α) +
m∑

k=1
fk(p, 〈p, xk〉 − αk)− x,

α = α(ω), αk = αk(ω), xk = xk(ω), k = 1, . . . , m

is the excess demand function. By the Walras law,

d‖p‖2

dt
= 2

〈
p,

dp

dt

〉
= 2〈p,E(p)〉 = 0,

i.e. the length of price vector is stable along the trajectories.
Theorem 6. In the conditions of Theorem 5, all equilibrium prices are stable with
respect to the tâtonnement process. More precisely, if p0 ∈ Rl

+ is a su�ciently large
initial price vector (i.e. ‖p0‖ > C = C(ω), where C is a su�ciently large number),
then, for t →∞, one has p(t) → pe

0, where pe
0 is the unique equilibrium price vector

in ω for which ‖pe
0‖ = ‖p0‖.

Theorem 7. In the conditions of Theorem 5, suppose in addition that α > 0.
Then the utility of the state decreases along the (unique) ray of equilibrium prices
and attains maximum at the point, where the prices of all commodities are as low
as possible (at this point αk = 〈p, xk〉 for some 1 ≤ k ≤ m).
Remark. From Theorem 4a) it follows that some of the participants always favor
ination (although some other participants may be interested in lowering prices).
Thus there is always a conict of interests between the state willing to prevent
ination and some of the participants who gain from high prices. A compromise
allowing to settle this conict consists in maximizing a social utility function which
is a convex combination of individual utility functions of the economic agents and
the state with weights reecting their social importance. If the weight of the state is
low, then the prices may go to in�nity (in which case the corresponding normalized
price vector tends to an equilibrium in the pure exchange economy with initial
endowments {xk}), and if it is su�ciently high, then the social utility attains its
maximum value when the prices of all commodities are minimal. Thus in the
above setup it is desirable to construct a price adjustment process converging to an
equilibrium which is optimal from the point of view of social utility.

2. Tax control in the case of fixed state consumption
The second model di�ers from the �rst one in that the state �xes in advance

material resources y necessarily for its proper functioning. The role of taxation in
this case is to reduce purchasing power of economic agents to such extent that their
equilibrium consumer demand is equal to x− y.

As in the �rst model, there are l products and m economic agents; the k-th
agent has demand function fk(p, wk), and we assume that the aggregate demand
function f(p; w1, . . . , wm) =

m∑
k=1

f(p, wk) satis�es condition (DES). Furthermore,
the k-th agent has initial endowment xk ≥ 0 and pays a tax αk, k = 1, . . . , m. We
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do not exclude the case when αk < 0 for some k, i.e. the state o�ers �nancial aid
to some of the participants. In contrast to the �rst model, we also do not exclude
the case when α =

m∑
k=1

αk < 0. Let x =
m∑

k=1
xk > 0 be the vector of total resources.

The state acquires a vector y 5 x, and the remaining resources y − x are sold at
the market at a price p > 0. We do not a priori exclude the case when yj ≤ 0 for
some 1 ≤ j ≤ l, i.e. the state can sell commodities to participants.

It is clear that the equilibria in this model are described by the system of l
equations

m∑

k=1
fk(p, 〈p, xk〉 − αk) = x− y, 〈p, xk〉 − αk ≥ 0, k = 1, . . . , m.

If yj = xj for some j, 1 ≤ j ≤ l, then from the properties of demand functions
(refs!) it follows that αk = 〈p, xk〉, k = 1, . . . , m and y = x. But in this case each
price vector p yields an equilibrium for the taxes αk = 〈p, xk〉, k = 1, . . . , m, and
on the other hand equilibrium in a general economy cannot exist if the number of
participants is su�ciently large. This case is not particularly interesting, and in
what follows we assume that y < x. Thus an economy is de�ned by a point

ω ∈ 


=
{

(x1, . . . , xm; y; α1, . . . , αm

∣∣ xj
k ≥ 0, xj =

m∑

k=1
xj

k > 0, y < x
} ⊂ Rlm+l+m.

In contrast to the �rst model, equilibrium in the second model does not neces-
sarily exist. In fact, from the Walras law it follows that if p is an equilibrium price
vector, then 〈p, y〉 = α. For example, if α = 0, y ≥ 0, then it is clear that there is no
equilibrium. But equilibrium need not exist even if ω ∈ 
 is an economy for which
0 < y = y(ω) < x = x(ω), αk = αk(ω) > 0, k = 1, . . . , m. In fact, suppose that
y > xm > 0 and let p be an equilibrium price vector in ω. Then α = α(ω) = 〈p, y〉
and

wm = 〈p, xm〉 − αm = 〈p, xm − y〉+
m−1∑

k=1
αk,

where wm is the income of the m-th participant. It is clear that
l∑

j=1
pj ≥ β =

α

max
j

yj
, and therefore

〈p, xm − y〉 ≤ −
l∑

j=1
pj ·min

j
(yj − xj

m) ≤ −β ·min
j

(yj − xj
m) = γ(xm, y, α) < 0.

Since wm ≥ 0, from this it follows that
m−1∑
k=1

αk ≥ −γ. Hence, if for �xed xm, y, α

we choose α1, . . . , αm−1 to be su�ciently small (e.g. α1 = · · · = αm−1 < − γ

m− 1),
then in ω there is no equilibrium. Thus, if the resources acquired by the state are
su�ciently large (y > min

k
xk), then there always exists a taxation scheme for which

there is no equilibrium. Nevertheless we prove the following
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Theorem 8. Suppose that an economy ω ∈ 
 satis�es one of the following condi-
tions:

(i) y = y(ω) ≤ 0, αk = αk(ω) ≤ 0, k = 1, . . . , m, α = α(ω) < 0;
(ii) 0 ≤ y ≤ xk, αk ≥ 0, k = 1, . . . ,m, α > 0.

Then in ω there exists an equilibrium. Moreover, for a general economy of any of
these two types there exists only a �nite (odd) number of equilibrium prices.

As in the �rst model, it is important to �nd out to what extent taxation allows
the state to reach an equilibrium distribution of resources compatible with the
state's goals. To this end, we prove the following analogue of Theorem 2.

Theorem 9. Fix an allocation {xk}, xk ≥ 0, k = 1, . . . ,m, x =
m∑

k=1
xk > 0,

resources 0 ≤ y < x acquired by the state and a revenue α > 0 (or resources
(−y) ≥ 0 o�ered by the state and �nancial aid (−α) > 0). Then, varying the taxes
αk and considering all equilibrium states, one can obtain arbitrary Pareto optimal
distributions of resources x − y among m economic agents the k-th of which has
utility function uk, k = 1, . . . , m. More precisely, let

Parx−y =
{

(z1, . . . , zm), zk > 0,

m∑

k=1
zk = x− y

∣∣ @(z′1, . . . , z′m),

z′k > 0, uk(z′k) ≥ uk(zk), k = 1, . . . ,m,

m∑

k=1
z′k = x− y,

m∑

k=1
uk(z′k) >

m∑

k=1
uk(zk)

}
.

Then the manifold

Wα
{xk},y = {(ω, p) | xk(ω) = xk, αk(ω) < 〈p, xk〉, y(ω) = y, α(ω) = α, 〈p, y〉 = α,

〈p, xk〉 − αk ≥ 0, k = 1, . . . , m,

m∑

k=1
fk(p, 〈p, xk〉 − αk) = x− y

is naturally di�eomorphic to Parx−y.
Remark. We recall that

{ω | (ω, p) ∈ Wα
{xk},y} 6= {ω ∈ 
 | xk(ω) = xk, k = 1, . . . , m, y(ω) = y}.

Moreover, from the proof of Theorem 9 it is clear that, for a given distribution
{zk} ∈ Parx−y, the lump sum taxes αk may have di�erent signs. However it is
easy to see that if, in the notations of Theorem 9,

zk = xk, k = 1, . . . , m, z =
m∑

k=1
zk ≥ x =

m∑

k=1
xk

(from which it follows that y = x − z ≤ 0), then αk ≤ 0, k = 1, . . . , m, α < 0 and
we are in the conditions of Theorem 8 (i). On the other hand, if uk(zk) ≤ uk(xk)
(e.g. zk 5 xk), 0 ≤ y = x − z ≤ xk, then αk ≥ 0, k = 1, . . . , m, α > 0 and we are
in the conditions of Theorem 8 (ii).

Thus in the second model taxation allows the state to reach the desirable Pareto
optimal distribution of resources between the participants. This approach has two
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drawbacks. Firstly, even a small taxation error may result (if wk is small for some
1 ≤ k ≤ m) in that equilibrium ceases to exist. Secondly, there can be several
equilibria, and the state cannot choose equilibrium prices, so that the resulting
Pareto optimal allocation may di�er from the one preferred by the state. As for
the �rst problem, the preceding remark shows that if the state wishes that the
situation of the economic agents should not improve as a result of taxation and
trade and the resources acquired by the state do not exceed the initial endowments
of the participants, then all lump sum taxes are nonnegative (i.e. the state does not
o�er �nancial aid) and there exists an equilibrium. A similar claim holds in the
opposite case when the state donates to the participants from its own resources and
o�ers them �nancial aid. Anyhow, equilibrium exists provided that y and all the
lump sum taxes αk are small enough, i.e. the intervention of the state is limited.
The second problem is common to all equilibrium models, and the usual way to
overcome it is to impose additional conditions on the demand functions.

Theorem 10. Suppose that all participants have normal demand (i.e. ∂fk

∂wk
≥ 0,

k = 1, . . . , m) and the aggregate demand satis�es the condition of gross substi-
tutability. Let ω ∈ 
 be an economy satisfying one of the following conditions:

(i) y = y(ω) ≤ 0, αk = αk(ω) ≤ 0, k = 1, . . . , m, α = α(ω) < 0 (i.e. we are in
the conditions of Theorem 8 (i) ) and one of the following conditions holds:

a) y < 0;
b) αk < 0, k = 1, . . . ,m and at each point the demand of at least one

participant is strictly normal (i.e. ∂fk

∂wk
> 0, where 1 ≤ k ≤ m depends

on the point (p; w1, . . . , m) );
c) The demand of all participants is strictly normal ;
d) The aggregate demand satis�es the condition of strong gross substi-

tutability.
(ii) 0 ≤ y = y(ω) ≤ xk = xk(ω), αk = αk(ω) ≥ 0, k = 1, . . . ,m, α = α(ω) > 0

(i.e. we are in the conditions of Theorem 8 (ii) ) and one of the following
conditions holds:

a) y < xi for some 1 ≤ i ≤ m;
b) The aggregate demand satis�es the condition of strong gross substi-

tutability.
Then in ω there exists a unique equilibrium price.

Remark. Uniqueness of equilibrium in an economy with gross substitutability is a
commonplace in economic theory (although there exist examples of regular mixed
economies with gross substitutability with an even number of equilibria). How-
ever usually (e.g. in the pure exchange setting) this equilibrium has an impor-
tant additional property of being stable with respect to the tâtonnement process.
We proceed with �nding out to what extent this is true in our settings. Let
E(ω, p) = f(ω, p)−(x−y) be the excess demand function. The tâtonnement process
is described by the system of ordinary di�erential equations dp

dt
= E(ω, p). From

the proof of Theorem 10 it is easy to conclude that in case (i) the tâtonnement
process is stable. On the other hand, the same proof shows that in case (ii)
the matrix ∂E

∂p
has a positive eigenvalue, and therefore the tâtonnement pro-
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cess is unstable (even locally). This fact can be illustrated by estimating the
length of price vector along the trajectories of the tâtonnement process. We have
d‖p‖2

dt
= 2

〈
p,

dp

dt

〉
= 2〈p,E(ω, p)〉 = 2(〈p, y〉−α), so that in case (ii) large price vec-

tors grow and small price vectors decrease (a clear indication of instability) whereas
in case (i) the situation is just the opposite.

Thus, although in the second model the state can use taxation to reach the
desired distribution of resources and in the case of gross substitutability the cor-
responding equilibrium is unique, the standard price adjustment mechanism does
not work in case (ii), and in this respect the situation is even worse than in the
classical models of competitive economy.
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