STRUCTURE OF GAUSS MAPS

F. L. Zak UbC 512.763

Introduction

The classical Gauss map Y associates with each point of a nonsingular oriented hyper-
surface HC R the unit outer normal vector to H at this point; thus, y: H -» SN-1 yhere
SN-1 is the unit sphere in RB. For complex hypersurfaces and manifolds of codimension
greater than one, it is natural to call the Gauss map the map which associates a point x of
the manifold X with the point in the Grassman manifold corresponding to the tangent space to
X at the point x. Many results of classical differential geometry can be interpreted in
terms of the Gauss map.

In algebraic geometry it turned out to be more convenient to consider the Gauss map not
for affine, but for projective varieties; this is connected, in particular, with the fact
that, as we shall see below, the singularities at infinity play a quite important role.
Thus, the Gauss map y: X' > G(N, n) associates with each point x of the nonsingular projec-
tive variety XnC: PN the point in the Grassman manifold G(N, n) of n-dimensional projective
subspaces in PN, corresponding to the (projective) tangent space Tx x to X at the point x.
Thus, the fiber of y over an n-dimensional linear subspace L' (T PN is the set of points
(with multiplicities), at which the imbedded tangent space to X coincides with L. Analog-
ously, for any n < m < N — 1 one can define the higher Gauss map ym, whose fiber over an
m-dimensional linear subspace LM PN coincides with the set of points x &X such that TX, x(:
L™ (i.e., L is tangent to X; more precise definitions which are suitable for the singular
case also are given in Sec. 2).

Gauss maps in algebraic geometry have actually been studied since the last centrury
and play a very important role (this relates especially to the maps Yy = yn and yN-;). It
suffices to say that all the most important invariants of algebraic varieties, including
the canonical class, have been defined in terms of them. However, the structure of the Gauss
maps was investigated very weakly until recently. In the simplest case, when m = n, a basic
question is the determination of how much X is "distorted" under the map y. A classicial
conjecture, proved in the present paper, asserts that for complex varieties the map y is fi-
nite (i.e., all fibers of y are finite) and birational (i.e., y is an isomorphism almost
everywhere), so that the distortion is minimal. Up to now the greatest progress in the di-
rection of proving thlS conjecture was given by the theorem of Griffiths and Harris [3],
asserting that if X(::P is a complete variety, then the field of meromorphic functions on

X is a finite exten51on of the field of meromorphic functions on y(X) (i.e., almost all fi-
bers of y are made up of a finite number of points). As to the higher Gauss maps ym, we
give a sharp estimate of the dimension of their fibers and we describe the structure of a
generic fiber. In particular, we prove the following tangents theorem:

Let IF‘E; PN be a linear subspace, tangent to the variety X0 C PN along the subvariety
Y(;X. Then dimY < m — n.

For example, for m = N — 1 we see that a hyperplane cannot be tangent to a variety
xnc pN along a subvariety of dimension greater than or equal to N — n. Another classical
conjecture according to which for a nonsingular variety XnCZ PV, dimX* > dimX, where X*C

PN* is the dual variety, consisting of points of pN*® s correspondlng to hyperplanes in PN,
tangent to X, follows from this.

The tangents theorem is a consequence of the following result. Let Y be an irreducible
r~dimensional subvariety of an irreducible n-dimensional variety X PN, s(Y, X) be the clo-
sure of the set of points of PN, lying on chords, joining points of Y with points of X, and
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T'(Y, X) is the variety swept out by the limits of chords <x, x'>, when x, x' » y= Y (here
<x, x'> is the line passing through the points x and x' # x; when X is nonsingular, T'(X, Y)
coincides with the union of the imbedded tangent spaces to X at points of Y). Then either
T'(Y, X) = 8(Y, X), or dimT'(Y, X) = r + n, dimS(Y, X) = ¢ + n + 1. For example, for Y = X
we get that the nonsingular variety X C PN can be projected isomorphically to PM, M < 2n, if
and only if X can be unramifiedly projected to PM (the special case of the last assertion
for N < 2n was proved by Johnson {6]; see also [2]); this result contrasts sharply with the
conjecture of Massey on immersions of topological manifolds proved recently by Cohen.

In this paper we consider applications of the results cited above to the geometry of
varieties of small codimension, ramification cycles and double points of projections and
other questions. It is shown in [12] how one derives the Hartshorn conjecture on linear
normality from the tangents theorem. Another application of the results of the paper is
given by Faltings, Fujita, Balliko and Chiantini, Ein etc. One should note that in contrast
with Faltings and other authors, who apply methods of formal geometry, and also Griffiths
and Harris, who make differential-geometric calculations, we use purely geometric consider-
ations, which in this situation are not only simpler, but also lead to considerably sharper
results.

A complete description of the structure of Gauss maps is also possible for analytic sub-
varieties of complex tori. The corresponding results, which alsoc have applications to sub-
varieties of small codimension and pluricanonical systems, will be published in a separate

paper.

1. Relative Secant Varjeties and Local Properties of Projections

Let X0 C PN be an irreducible nondegenerate n-dimensional projective variety (i.e.,
one which is not contained in any hyperplane) over the algebraically closed field K, and
1et YrC: X be a nonempty irreducible r-dimensional subvariety of X. We set AY (Y x x) [

ﬁ X)EE Y x X | x =y}, where AX is the diagonal in X x X, and let Sy ,x°C ((Y x X)\

AY) x P Sy, x° = {(y, x, z)[ zZ = <x, y>}, where by <x, y> we denote the chord joining points
x and y. We denote by Sy,X the closure of Sy,x° in Y x X x PN, by pl (i = 1, 2) the projec-
tion of Sy,X onto the i- th factor of Y x X x PN, and by(PY. Sy,X =+ PN the projection to the
third factor, and let ple = p,Y x sz: Sy,x >+ Y x X, S(Y, X) —(PY(SY X), T'y,X = (p,,¥)?
(ay), »Y |T'Y g T'(Y, X) = $¥(T'y,x). For Y = X, SY,X = SX, S(Y, X) = SX is the ordin-
ary secant varlety, and T'(X, X) T'X is the variety of tangent stars (see [12]), and the
morphisms P1Y, ple, wY and ¢ are the restrictions of the morphisms pi, p;,s, ¢ and ¥ to the
subvarieties SY,Xx CCSX and T'y,Xx ¢ T'y (see [12]).

Definition 1. We call the cone T'y,X,y = PY((p;,Y)"1(y x y)) the (projective) tangent

star to X at y relative to Y. We call the variety T'(Y, X) = |J T'y,X,y the variety of (pro-
Y=Y

jective) tangent starts to X relative to Y. =

It is clear that T'y X,y~CZT X,y CTTX,y, where T'¥ ,y is the (prOJectlve) tangent star
to X at y [12], and TX,y is the (prOJectlve) tangent space to X at y. If X is nonsingular
along Y, i.e., Y r]SlngX ' and Y SmX = X\ SingX, then T'(Y, X) = T(Y, X) =U TX,y-

vEY

The following proposition generalizes Proposition 1 of [12] to the relative case and is
proved completely analogously.

Proposition 1. a) Let ye Y, x= X, x 2y, z EE<y, x>. Then TS(Y,X),z = <Ty,y, TX,x>,
where <A> denotes the smallest linear subspace of PN, containing A.

b) Let us assume in addition that charX = 0. Then for generic points ye Y, x < X,
z €<y, x> T8(Y,X),z = <Ty,y, TX,x>.
Let JY be the ideal AY in Y x X, Oy, x =& pec & JITM,y=Y, 0y 1,4 = Oy, x ® k ().
j=0 '
Definition 2. We call @7Y,X,y the (affine) tangent star to X at y relative to Y.

It is easy to see that @"Y,X,y contains the tangent cone and is contained in the tang-
ent star to X at y (see [6; 12]), which in its own right is contained in the Zariski tang-
ent space X, y. Here @VY,X,y = T'Y,x,y (we assume here that X is imbedded in PN, and the
dash denotes projective closure).

Definition 3. Let f: X » X' be a morphism of algebraic varieties and let Y. X be an
irreducible subvariety. We say that f is J-unramified relative to Y at the point y'e=Y, if
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the morphism dyf I'ef'Y,X y is quasifinite. If f is J-unramified relative to Y at all points
yeE Y, we shall say that f is J-unramified relative to Y.

Definition 4. In the notation of Definition 3 we say that f is a J-imbedding relative
to Y, if £ is J-unramified relative to Y and one—one on £ 1(£f(Y)).

Remark 1. If f is nonsingular along Y, then f is a J-imbedding relative to Y if and
only if f is closed imbedding in some neighborhood of Y in X.

The following theorem generalizes Theorem 1 of [12] and is proved completely analogous-
ly.

THEOREM 1. Let Y be an irreducible subvariety of X. We consider the following condi-
tions:

a) For a generic linear subspace L C PN, codimL =m + 1, a projection X > P® with cen-
ter in L is a J-imbedding relative to Y.

b) There exists an LN"™-1 C pN guch that a projection X >PM with center in L is a J-
imbedding relative to Y.

c) dimS(Y, X) < m.

d) There exists a Zariski open subset UC Y x X such that for y x x&EU, dim<Ty,y,
TX,X> < m.

e) Let ye= SmY, x= SmX. Then dim<TyY,y, TX,x> < m.

Then a) & b)ec)=d)« e). If in addition charK = 0, then all the conditions a)-e) are
equivalent. )

The following theorem is a generalization to the relative case of Theorem 2 of [12]
and is proved by essentially the same method.

THEOREM 2. For an arbitrary irreducible subvariety Y¥C XM exactly one of the follow-
ing conditions holds:

a) dimT'(Y, X) = r + n, dimS(Y, X) = ¢r + n + 1.
b) T'(Y, X) = s(Y, X).

Proof. Let t = dimT'(Y, X). It is clear that t s r +n. If t =r + n, the theorem
is obvious, since S(Y, X) is an irreducible subvariety S(Y, X) D T'(Y, X) and dimS(Y, X) <
r+n+ 1.

Let us assume that t < r + n, and let LN"t-! be a linear subspace of PN such that L [
T'(Y, X) = . We denote by m: PN\ L » Pt a projection with center in L, and let X' = m(X),
Y' = n(Y). Since 7 |x is a finite morphism, dimY' x X' = r + n > t and it follows from
Theorem 3.1 of [2] that YX' x X = (v |y x 7 |x) *(Apt) is a connected scheme.

We show Supp (YX' x X) = AY. Let us assume the contrary. Then by definition, for all
y x x& (YX' x X))\ Ay (PY((Ple)_l(y x x))(1 L # and consequently for each point yXys
AYN(Tx X HINDY) T/ (V, X)NLDTrxy N L= ¢ ((pD)* % ¥)) N L+ & contrary to the
choice of L.

Thus, SuppYX' x X = Ay and consequently L[] S(Y, X) =@., since t<dimS(Y, X) < N —
dimL — 1 = t and S(Y, X) = T'(Y, X), i.e., condition b) holds. Theorem 2 is proved.

Just as in [12], we get the following corollaries.
COROLLARY 1. codimg(y,x)T'(Y, X) < 1.

COROLLARY 2. Let m: X0 > PM be a projection with center in the subspace LN-m-1CC pN,
Let us assume that 7 is J-unramified relative to the irreducible subvariety Y¥C X and that
m<r+n (i.e., dimL 2 N—~n — r). Then 7 is a J-imbedding relative to Y.

Proof. It is easy to see that it follows from our assumptions that L{1 T'(Y, X) = .
Consequently, dimL + dimT'(Y, X) < N and dimT'(Y, X) < N-dimL =m + 1 < n + r. Hence
Theorem 2 shows that T'(Y, X) = S(Y, X). Thus, L[] 8(Y, X) =, which is what was required.

COROLLARY 2'. Under the conditions of Corollary 2 let us assume that 7 is unramified
at all points of Y. Then in a neighborhood of Y, 7 is an isomorphism.
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Remark 2. Completely analogously, Corollaries 2, 2', and 2" can be proved for arbi-
trary morphisms X > P™ (not just for projections). The corresponding results generalize
the results of Sec. 5 of [2].

THEOREM 3. Let YT X! be a subvariety of the projective variety X1 (T PN, Let us
assume that there exists a point u&e PN \{ X such that projection X » PN-1 with center at u

r—b + 1, where b = dim (Y[ SingX).

is a J-imbedding relative to Y. ThencodimpnX = N —n 2

Proof. It is clear that it suffices to consider the case when Y is irreducible. Let
s = dim (Y, X) and let z be a generic point of S(Y, X). We set L = T§(Y,X),z, Qz = p,¥
((p¥)~3(2)). Itfollows from Theorem 2 that either T'(Y, X) = S(Y, X), or s =n+r + 1. In
r—b
2

the latter case N2 s +1=n+r+ 2 and codimpNX =N—-—n 2t + 2 >

we assume that T'(Y, X) = S(Y, X), Qz # ¢J and dimQz = r + n — s. Obviously, L DTY,x for
all points x & Qz \ SingX.

Let MC PN pe a generic linear subspace of codimension b + 1, X' = X N M, Y' =Y N M,
Q'z = Qz[1 M, L' = L [1M. Then the variety X' is nonsingular along Y' and T(Q'z, X') T L',
On the other hand, X'¢ L'. Hence S(Q'z, X') # T'{Q'z, X') and it follows from Theorem 2
that dimS(Q'z, X') = dimQ'z + dimX' + 1 = (4 +n—-—s—-b—-1) +(n—b—-1)+1=2n+r1r —
s —2b — 1.

On the other hand

+ 1. Consequent-

dim S (Qs, X') < dim (S (Y, X) | M) =s — b — 1.

Consequently, 2n + r — s —2b -1 < s —-b—-1, 2s 22n+r —band 2N 2 2s + 2 2 2n + v —

b+ 2, i.e., codimpyX =N —n 2 r —2- b + 1. Theorem 3 is proved.

COROLLARY 3. Let YT be a subvariety of the variety X0 C PN, where X is nonsingular in
a neighborhood of Y. Let us assume that there exists a point ue PN\ X such that the pro-
jection m: X — PN-1 yith center at u is an isomorphism in a neighborhood of Y (according to
Corollary 2" of Theorem2 for N<n+r this is equivalent to m being unramified at all pointsof Y). Then

N>n+ 213 .
. 2N+ b -2 . ;
Remark 3. For Y = X Theorem 3 gives n < ———3—— , which is somewhat weaker than the
. 2N+ b
estimate n < 3 — 1, proved in Theorem 3a) of [12]. This is explained by the fact that

for Y = X the subvariety Qz can be replaced by the subvariety Yz = p;(¢”1(z)) of dimension
one larger. However, for Y # X the estimate in Theorem 3 is sharp. We demonstrate this with
the following examples.

Example 1 (to simplify the arguments we assume that charK = 0). a) Let XCP" be a
rational surface ¥F; of degree 3. Then X is the image of P? under the rational map defined
by a linear system of quadrics passing through a fixed point of P?, i.e., by projection of
the Veronese surface v,(P?2) C P® from some point of it. We denote by Y a minimal section
of F, (so that Y is an exceptional curve of the first kind on F;). Then Y is a line and the
imbedding X G P* is given by the complete linear system |Y + 2F|, where F is the fiber of
F,;. Since the tangent plane at an arbitrary point of X contains the fiber passing through
this point, and consequently intersects Y, it follows from Proposition 1b) that dimS(Y, X) =

t+n=n+5= ; LI 3, so that S(Y, X) = T(Y, X) # P* and there exists a projection 7: X -
P3, which is an isomorphism in a neighborhood of Y (in a suitable coordinate system 7(X) is
given by theequation ugus? = u,u,?). Here N =4 = n + = ; 3.

b) Let X% = G(4, 1) C P? and let Y = P3 be the linear subspace of lines passing through
a fixed point of P*. Then for generic points vEY, x=X, Ty,y (1 TX,x is the line corres-
ponding to the line in P* passing through the fixed point and intersecting a fixed line.

It follows from Proposition 1b) that dimS(Y, X) = dimT(Y, X) =8 =r +n—1 =n + = + 1
N - 1.
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Let X0C PN be a nonsingular variety and let Dy (respectively Rp) be the set of double
points (respectively the ramification set) with respect to a generic projection PN - PM, n »
n. In other words, if IN-m-1 j5 5 generic linear subspace of PN, then

Dp=feX iz, 2 %*2z &2y Lig),
Rn={z= X |Tx,x L+ O}

COROLLARY 4. Let 2(m —n) < r < n— 1. Then for any subvariety Y" C X* Y™ N Dpn 5= .
If in addition r > 0, then for any subvariety Y"C X" Y" (] R (.

Proof. Since Rm.- Dm, it suffices to prove the assertion with respect to Rm. Let us
assume that Y" () Ry = (J. Then for a generic linear subspace LN-"1 C PN T'(Y, X)L =
and consequently dimT(Y, X) < m. On the other hand, it follows from Theorem 3 that for r >

0, dimT(Y, X) 2 n + 251, r+1

Thus, under our assumptions m 2 n +
1. Consequently for r 2 max {1, 2(m — n)}, Y" N R, = . Coréllary 4 is proved.

Remark 4. The assertion of Corollary 4 is only meaningful for m < _Z}n_z—_l It is clear
that for the validity of Corollary 4 it suffices to require that X be nonsingular in a neigh-
borhood of Y (we restrict ourselves to the nonsingular case in order not to introduce the
definitions of ramification cycles and multiple points in the general situation). The pre-

ceding examples show that the estimate in Corollary 4 is sharp.

, i.e., v € 2{(m — n) -

Remark 5. For m = n it is easy to deduce from Corollary 4 that the divisor Rpn is ample
on X (see Proposition 3 of Sec. 2).

2. Tangents Theorem. Structure of Gauss Mappings

Definition 5. Let L C PN be a linear subspace. We say that L is tangent to the variety
Xxc pN along the subvariety YO X (respectively L is J-tangent to X along Y, respectively L
is J-tangent to X relative to Y), if L DTX,y (respectively L DT'X,y, respectively L D
T'Y,X,y) for all points y &Y.

It is clear that if L is tangent to X along Y, then L is J-tangent to X along Y, and if
L is J-tangent to X along Y, then L is J-tangent to X relative to Y.

THEOREM 4. Let X" C PN be a nondegenerate variety, YfC X0 and ZP YT be closed sub-
varieties, and let LM PN, n<ms<N-—1be a linear subspace, J-tangent to X relative to Y
along Y\ Z (i.e., LDT'Y,X,y for all points y=Y\ Z). Thenr <sm-—n+b + 1.

Proof. Let M be a generic linear subspace of PN of codimension b + 1. We set X' = X[
M, Y" =Y [IM, L' = L1 M. It is clear that n' =dimX' =n=b -1, r' = dimY' = r — b —
I, m' = dimL' =m—-b -1, and L' is J-tangent to X' relative to Y' along Y'. In other
words, T'(Y', X')C L'. On the other hand, it follows from the nondegeneracy of X that the
variety S(Y', X'), containing X', does not lie in the subspace L'. Consequently, S(Y',
X') £ T'(Y', X'), and it follows from Theorem 2 that dimT'(Y', X') =r' +n' =r +n — 2(b +
1). Since L'DT'(Y', X"), m'" 2r' +n', ie., ' <m' -n'"=m—nandr <sm-—n+b— 1.
Theorem 4 is proved.

COROLLARY 5. 1If the linear subspace LM C PN is tangent to the nondegenerate variety
xnc pN along the closed subvariety Y' CC XR, then r < m — n.

Corollary 5 is called the tangents theorem (see {2]).

Remark 6. It is clear that if Z does not contain a component of Y, then one can assume
that ZC Y() SingX.

We give an example showing that the estimate in Theorem 4 is sharp.

Example 2. Let )CPN, N =2n-—b— 2 be the cone with vertex PP over the nonsingular
projective variety X' = P! x pn-b-2( p2n-2b-3  qhep X% = (X')% = P! x pn~b-2  (pb)* =
P2n-2b-3 (here and in what follows the asterisk denotes the dual variety) and the subspace
Lm pN »,h £m< N=—1, is tangent to X at the point x&= SmX (and all points of <x, PP>\
PP, where <x, PP> is (b + 1)-dimensional linear subspace generated by x and Pb), if and only
if the (N — m — 1)-dimensional subspace L* lies in the (N — n — 1)-dimensional subspace
T*X,xC X*. It is easy to see that an arbitrary (n — b — 3)-dimensional linear subspace
lying in X* coincides with (TX,x)* for some x&= X. Let pn-b-2 x% and let L* be an arbi-
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trary (N — m — 1)-dimensional subspace of Pn-b-2  Then the m-dimensional subspace L = (L*)%*
is tangent to X at all points of Y\ PP, where ¥ = Pm-nti va, Y ={zr= X |L* C(Tx,)* C Pt}
Thus, for the subspace L, the variety Y = pm-ntbtl pn™* X, and the subvariety Z = SingX =
PP in Theorem 4, equality holds.

Proposition 2. Let X (C PN be a nondegenerate variety which has the property Rk (see
{4, Chap. IV,, (5.8.2)], i.e., X is regular in codimensions ¢ k (in other words, b = dim
(SingX) < n — k), and let L be an m-dimensional linear subspace of PN, We set X' = X -+ L,
and let b' = dim(SingX'). Then b' s 2N-m—-—n+b—-1=c+ ¢+ b—1, i.e., X' has the
property Ri-c-sg+1, where ¢ = codimpN X, € = codimpNL.

Proof. For arbitrary point A of (e — 1)-dimensional linear subspace L% PN* we set
Xx = X+ A*, where A* is the hyperplane corresponding to A. It is clear that X' =x£}*XA.
Let Y = SingX', Y) = SingX), A= L*. It is easy to see that Y T [(J Yj,,s0 that b' = dimY <

AsL®

max b, + & — 1, where b) = dimY). Obviously, the hyperplane A% is~1angent to X at all points
hz=L*

of YA\ SingX. Hence it follows from Theorem 4 that by < c¢c + b. Consequently, b' < c + e +
b — 1. Proposition 2 is proved.

The following simple example shows that the estimate in Proposition 2 is sharp.

Example 3. Let xN-1 PN pe a quadratic cone with vertex PP and let[Arg‘b]+ I <mc¢<

N — 1 (the square brackets denote the greatest integer in the number). Then X* is a singu-
lar quadric in the (N — b — 1)-dimensional space Pb* = PN*  As is known, X* contains a
projective subspace of dimension Lg;:%:ii]. Let L* be an arbitrary (N —m — 1)-dimensional
linear subspace of it. We set L = (L*)*, X' = X - L. ThendimL = m, and it is easy to see
that Y = SingX' is an (N — m + b)-dimensional linear subspace.

The following two corollaries follow quickly from Proposition 2, Proposition 5.8.5 and
Theorem 5.8.6 of [4, Chap. IV,].

COROLLARY 6. If thevarietyX®CPNhas the propertiesSgq; =SN-mt1 and Retse-1=RaN-2m-n-1-
and LB PN is a linear subspace, for which dim(X?+1®™) = m + n — N, then the scheme X - L is
reduced. In particular, if X is nonsingular, N < 2/3(m+ n + 1) and dim(X * LY =m + n —
N, then X-L is a reduced scheme.

COROLLARY 7. If the variety XM C PN has the properties Sg4, = Sy-pts and Resse =
RsN-2m-n» then for an arbitrary linear subspace LM C PN such that dim (X! + LM) =n + m — N,
the scheme X * L is normal (and consequently irreducible and reduced). In particular, if
X is nonsingular, N < 2/3(m + n) and dim(X * L) =m+ n — N, then X * L is a normal scheme,

Particularly important for applications is the case when L is a hyperplane. We formu-
late our results for this case specially.

COROLLARY 8. a) If the variety XM C PN is normal and N < 2n — b — 1, where b = dim
(SingX), then all hyperplane sections of X are reduced. In particular, for N < 2n all hyper-
plane sections of a nonsingular variety are reduced.

b) If the variety X0 CC PN has properties S, and RN-p+2 (the latter means that N < 2n —
b — 2), then all hyperplane sections of X are normal (and consequently irreducible and re-
duced). 1In particular, if X is nonsingular and N < 2n — 1, then all hyperplane sections of
X are normal.

Remark 7. We note that Corollary 7 gives considerably more precise information than
theorems of Bertini type in which one speaks of generic hyperplane sections; however, as
Examples 4 and 5 below show, in order that it be valid it is necessary to impose some condi-
tions on the codimension of X in PN,

Remark 8. If K =C, and b = —1, then the irreducibility of hyperplane sections of X
follows from the Barth—Larsen theorem, according to which for N < 2n — 1, PicX = Z is gener-
ated by the class of a hyperplane section of X (see [9]).

We give examples showing that the estimates in Corollary 8 cannot be improved.

Example 4. Let X, = P! x Pn~b-1(Z p2n-2b-1 zp4 Jet Y, = x x PR"DP~2CC X, be a linear
subspace. We denote by X, C P2{n-b-1) the section of X, by a generic hyperplane passing
through Y,. It is easy to see that X; is a nonsingular projectively normal variety. Let
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XMCPN, N=2n—-b—-1be a projective cone with vertex PP and base X;. It is clear that
X is a normal variety where dim(SingX) = b, so that X has properties S, and RyN-p. However,
X has a nonreduced hyperplane section corresponding to a hyperplane in p2n-2b-1 tangent to
X, along Y, (see Example 2).

Example 5. Let X, = P! x Pn~b-2(C p2n-2b-3 344 jet X be a projective cone with vertex
PP and base Xo. Then XnC:,PN, N=2n—b — 2 is a Cohen-Macauley variety, where dim (Sing X) =
b, so that X has properties S; and RyN-p4;. However for any hyperplane L such that L* & X* =
Xo*, L + X =H, |J H, is reducible and consequently a nonnormal variety (here Sing (L * X) =
H,() H, = P"2; gee Example 2).

Let X0C PN be a nondegenerate variety. Forn <m < N — 1 we set

Pm ={(, ) ESm X X G (N, m) | La D Tx,z}

where G(N, m) is the Grassmann manifold of m-dimensional linear subspaces of PN» Ly is the
linear subspace corresponding to the point a & G(N, m), and the dash denotes the closure in
X x G(N, m), and we denote by pm: P, > X (respectively ym: ®,, > G(N, m)) the map of projec-
tion to the first (respectively second) factor.

Definition 6. The map ym is called the m-th Gauss map, and its image Xm® = ym(%,) is
called the variety of m-dimensional tangent subspaces to the variety X.

Remark 9. The two extremal cases deserve special attention: m =n and m = N — 1., For
m = n we get essentially the usual Gauss map y: X -->G(N, n), and for m = N - 1, XN-1% C
PN* is the dual variety.

Let X0 PN pe a nondegenerate variety, dim (SingX) = b 2 -1.

THEOREM 5. a) For any point o = ym(pm~ ! (SmX)), dimyp *(a) € m - n + b + 1.

a') dimXp* 2 (m—n)(N~m=-=2) + (m—b — 1).

b) For a generic point a & Xp*, dimym™'(a) < max{b+ 1, m+ n - N — 1}.

b') dimXp* 2 min{(m — n)(N-m) + (n = b ~1), (m—n + 1)(N-m) + 1}.

c) Let charK = 0 and let ym = vme{p be the Stein factorization. Then davm is a bira-

tional isomorphism, and the generic fiber of the morphism ym (and ym) is a linear subspace
of PN of dimension dim Pp— dim Xy,

Proof. Assertion a) follows quickly from Theorem 4, and assertion a') from a) (since
dim $,, = dimX + dimG(N—-n -1, m—n—1) = n + {(m — n)(N — m)).

b) Let us first assume that m = N — 1. It is clear that dimyy-;"'(a) < n — 1, and
it suffices to verify that if n — 1 2 b + 2, i.e., n 2 b + 3, then dimyy-; *(a) # n — 1.
Let us assume the contrary, and let x be a generic point of X. Sincen—1 > b + 1, it fol-
lows from Theorem 4 that the system of divisors Yo = py-1(yN-1"(a)), o & (TX,x)%, is mobile
and consequently X = |jYq, where a runs through the set of generic points of (Tx,x)*. Con-
o

sequently, for generic points y & X there exists a hyperplane Ay C (Tx,x)* such that for a
generic point B & Ay, Lg DTX,y. But then <TX,x, TX,y>C (Ay)* = pnti i e., for a generic
pair of points x, y= X, dim (TX,x [ TX,y) = n — 1. It follows from this that either all
n-dimensional linear spaces from yn(X) are contained in some linear subspace POF1C PN op
they all pass through a generic (n — 1)-dimensional linear subspace P1~1(C PN, But in the
first case X is a hyperplane and dimYq = n = 1 <'b + 1 contrary to our assumption, and in
the second case X* = PN'n, and it is easy to see that the intersection of X with a generic
linear subspace pN-n+t1 C pN jg 4 nonsingular strange curve, so that charK = 2, and X is

a quadric, and again we arrive at a contradiction. Thus, assertion b) is valid in the case
m=N—1 (if charK = 0, then the proof is noticeably simpler).

Now let us assume that assertion b) is proved for m = k + 1, and we prove it for m = k.
It is clear that for generic points ak & Xk¥®, op+: = Xp+:1%, dimYor < dimYgp4,. Hence, if
b+ 12k+n—N, then dimYog < dimYayg+; < b + 1. Let us assume that dimY x4, < k + n —
N, k+n—-N>b+ 1. If dimYoy < Yog+:s then assertion b) is obviously valid. Let us
assume the contrary. Then for a generic point x <= X and a generic point agy; &= Xg4:* such
that Yog+4+; = X, each hyperplane in Lgg4:, containing T¥X,x, is tangent to X at all nonsingu-
lar points on X of some dimYqpg4;-dimensional component of Ygg+;, and it follows from Theorem
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4 that dimYgg4; € b+ 1. But then dimYgg = dimYgyp4; € b + 1, so that again dimYoayk <
max{b + 1, k + n — N — 1}. Assertion b) is proved.

Assertion b') follows quickly from b).

c) Let op be a generic point of Xp*. The linear subspace Lumm(_‘_ PN is tangent to X
at all points of the submanifold Y, (] SmX, where Yop = pm{Ym™'(om)), while it is not hard
to see that Ygg [1smX =[] (Yo ] SmX), where o runs through the set of points of X* for which
La D Loy. It follows from the classical reflexivity theorem of Segre (see, e.g., [8]) that
if charK = 0, then for a generic point o & X* the subvariety Yq = py-1(yN-1"'(a)) coincides
with the linear subspace (TxX*, q)*. Consequently, Yy, = Yo, [15m X = [] (Tg+q)* is also li-

LgoL
near subspace of PN, Since charK = 0, the morphism ym is separable “=%m and consequently

smooth at a generic point. Hence the field of functions K(Xp*) is algebraically closed in
K(%Pn,) and vy is a birational isomorphism.

Theorem 5 is proved.

COROLLARY 9. If charK = 0, X PN is a nonsingular variety, N—n + 1 < m < N -1,
then a generic n-dimensional tangent subspace is tangent to X along a no more than (m + n —
N — 1)-dimensional linear subspace (for N 2 2n this estimate is better than the estimate
given in Theorem 4). For n < m < N — n + 1 a generic m-dimensional tangent subspace is
tangent to X at a single unique point.

COROLLARY 10. Let X0 C PN, X0 z pn, p* = dimX*, b = dim (SingX). Then n* 2 n — b — 1,
In particular, for a nonsingular manifold ¥, n®* 2 n. Ifn 2 b+ 3, then n®* 2 N—n + 1 (this
estimate is better than the preceding one for N 2 2n — b — 1).

Both estimates in Corollary 10 are sharp: for example, for a Segre variety X! = P! x
pn-1C p2n-1 = pN_ x* = X, and n*=n=N—n + 1.

Remark 10. If charK =0, b = -1, the inequality n* 2 N — n + 1 was proved independent-
ly by Landman (see [7]). In this case another proof was given previously by the author (see
[11], where the case n = 2 is considered; the general case is completely analogous).

COROLLARY 11. Let XPCC PN, X0 = P, b = dim(SingX). Then dimyn{X) 2 n —b — 1. 1In
particular, for a nonsingular variety XP, dimyn(X) = dimX and yn is a finite morphism. If
in addition charX = 0, then yn is a birational isomorphism (i.e., yn is a normalization mor-
phism).

Remark 11. When K = C, b = —1, Griffiths and Harris [3] proved that dimvyp{(X) = dimX.
After the appearance of the announcement of the author's results {2], Ein [1] and Ran [10]
gave different proofs of the finiteness of yn in this case. Our original proof of Corollary
11 (and alsc of the general Theorem5) used methods of formal geometry. We give a sketch of
this proof of Corollary 11.

It is clear that we can assume that b = —1. Let us assume that contrary to the asser-
tion of Corollary 11, the n-dimensional subspace L, corresponding to the point al, &= G(N, n),
is tangent to X along an irreducible subvariety Y, dimY > 0, i.e., YC yn~*(ar). Let ¥ =
X/Yy be the completion of X along Y and let & = yn(X) /oL be a formal neighborhood of the point
al, in the projective variety vyn(X) C G(N, n). Since dimyn(X) > 0 (because X # P") and
H (8, 0g) C H° (¥, Oy), H°(X¥, 0z) 1is an infinite-dimensional vector space over K. On the
other hand, let MC PN be a linear subspace such that dimM =N-n -1, L1M =, and let
m: X > P@ be a projection with center in M. Then & y: X — Play) is an isomorphism of formal
spaces and consequently H® (¥, Oy) = H® (8, Og), where & = L,y &~ Pl,y, is the completion of the
subspace L along Y. But by a familiar theorem on formal functions [5] for dim Y > 0 H® (2,
Og) = K. The contradiction found proves Corollary 11.

Besides the interpretation given in Definition 6, the Gauss map yn: X - G(N, n), where
xnc PN, xn 2 P, is a nonsingular variety, admits another interpretation. First of all,
Yn is the map corresponding to the vector bundle #° (-1) (where #" is the normal bundle to
X in PN) with distinguished (N + 1)-dimensional vector space of sections corresponding to
points of KNt1 (where PN = (xkN*1\ 0)/k%).

Further, let L. CC PN, limL = N—n — 1 be a generic linear subspace and let 7[: X + P
be a projection with center in L. We denote by Rp the ramification divisor of the finite
covering nu, Br ={z &S X | L () Tx,» 5 J}. The linear system IRL| generated by divisors RL,
LEG(N, N —n — 1) gives the Gauss map yn. Here ]RL[ has no basis points, but the ramifi-
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cation divisors RI, corresponding to all linear subspaces IN-n-2C pN are the preimages of
Schubert divisors on G(N, n).

Proposition 3. The linear system [RL| is ample.

Proof. Proposition 3 follows quickly from Corollary 11 in view of [4, Chap. II, Cor.
(6.6.3)].

Remark 12. 1In the case charK = 0 Ein [1] proved that the complete linear system gener-
ated by ramification divisors is ample for an arbitrary nonsingular finite covering of PD.

The exact sequences
0—Jx—> O > o (—1) - 0,
0—>0x (—1)—>Jx—~0x (—1)—>0,

where @X is the tangent bundle to X, and JX is the vector bundle of rank n + 1, the projecti-
vizations of the fibers of which correspond naturally to the projective tangent spaces to X,
show that yn (Oowv,m (1))~ det T% =~ Kx (n + 1) = Kx ® Ox (n -+ 1), where KX is the canonical bundle.
We note that precisely the fact that a section of the line bundle Kyx(n + 1) vanishes along

Ry, lies at the base of the classical definition of the canonical class. The next corollary
follows quickly from Proposition 3.

COROLLARY 12. Let X (C PN, X0 # PN be a nonsingular variety. Then Kx(n + 1) is an am-
ple line bundle.

Remark 13. In fact, under the hypotheses of Corollary 12, the bundle Kx(n + 1) is even
very ample, at least if charK = 0 (see [1]). This is easy to prove by induction on n, using
the fact that for X there exist sufficiently many nonsingular hyperplane sections, while by
Kodaira's vanishing theorem for such a section HR"'(C XD the complete linear system |[KH +
nH2| = |[KX + (n + 1)H-H| is cut out by the linear system |KX + (n + 1)H| (here KH is the
canonical class on H).

Proposition 4. Let X0 C PN pe a nondegenerate variety, b = dim(SingX), c = codimpNX
and let Y' C X be a subvariety of X for whichm = r = codim,Y < ¢ = N — n, where LM = <Y>

is the linear span of Y. Then r< min {n——l, [J—V_zl_—b:l}, where the square brackets denote the

greatest integer in a number.

Proof. Without loss of generality we can assume that Y & SingX. It follows from the
hypotheses that for an arbitrary point y&=Y, dim (Tx,yﬂ L) 2 dimTy,y 2 r. Consequently,

yx¥)=yx Y NSmX)C{as G, n)|dimL, | L>r} =S (L, 1) T G (N, n)

where S(L, r) is a Schubert cell. Since by hypothesis m —r < N—n, n+m—r < N, so that
for any point y= Y[] SmX there exists a hyperplane M, containing L and tangent to X at y.
We set

SM,L,ry={aesG(N,n)|Le T M, dim L, (| L >r}.

Then S(M, L, r)Z S(L, r), dimS(M, L, r) = (r + 1)(m — 1) + (n — £)(N —n — 1), dimS(L, ) =
(r+ 1)(m—-r) + (n—r)(N - n)and codimg(L,,r) S(M, L, ¥r) = n — r = codimxY. Replacing r by
min (dimTyg,y(1L) if necessary, we can assume that yx (V) S(M, L, 7)) Sm (S (L, r)) = . Then

Y
dim (yz Y) N S (M, L, r)) > dim yx (Y) — codimge, nS (M, L, V= (r—f)—(n —1) = 2r —n—f,

where f is the dimension of a generic fiber of YXIY- On the other hand,

M NONSWMLN=yx{ysY NSmX|Tx,C M}),
and it follows from Theorem 4 that
dim(yx (MY NSWM, L)< N—n+b—1f

. N b
Combining the last two formulas, we see that 2r —n — f < N—-n + b - f, 1.e,'r-\<[1 —2’— J,

which is what was required.
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Remark 14. TFor K = C, b = ~1 Proposition 4 can also be derived from the Barth—Larsen
theorem [91].

Remark 15. It is easy to construct examples showing that the estimate in Proposition
4 is sharp (singular varieties for which equality holds in Theorem 6 can be constructed as
cones with vertex PP over nonsingular ones).

Remark 16. It is interesting to compare Proposition 4 with the famous classical result
(first proved rigorously by Lewis apparently), in which conditions are not imposed on r, but
instead it is assumed that L is a generic linear subspace.

COROLLARY 13. If X # PB, then X does not contain linear subspaces of dimension greater

than [AIQAbJ. If X is not a hypersurface, then X does not contain projective hypersurfaces of
dimension greater than rN;_b].

LITERATURE CITED

1. L. Ein, "The ramification divisors for branched coverings of Px"," Math. Ann., 261,
483-485 (1982).

2. W. Fulton and R. Lazarsfeld, "Connectivity and its applications in algebraic geometry,"
Lect. Notes Math., 862, 26-92 (1981).

3. P. Griffiths and J. Harris, "Algebraic geometry and local differential geometry," Ann.
Sci. Ec. Norm. Sup., 12, 355-432 (1979).

4, A. Grothendieck, Elements de Geometrie Algebrique, Chap. II, Publ. Math. IHES, No. 8,
Chap. IV, (1961); Elements de Geometrie Algebrique, Chap. II, Publ. Math. IHES, No. 24
(1965).

5. H. Hironaka and H. Matsumura, '"Formal functions and formal embeddings,” J. Math. Soc.
Jpn., 20, 52-82 (1968).

6. K. Johnson, "Immersion and embedding of projective varieties," Acta Math., 140, 49-74
(1978).

7. S. L. Kleiman, "Numerical theory of singularities," Usp. Mat. Nauk, 35, No. 6, 69-148
(1980).

8. S. L. Kleiman, '"Concerning the dual variety," in: Proc. 18th Scand. Congress Math.
Aarhus, Birkhauser Verlag, Basel—Boston—Stuttgart (1981), pp. 386-396.

9. M. E. Larsen, "On the topology of complex projective manifolds," Invent. Math., 19,
251-260 (1972).

10. Z. Ran, "The structure of Gausslike maps," Compos. Math., 52, 171-177 (1984).
11. F. L. Zak, "Surfaces with null Lefschetz cycles," Mat. Zametki, 13, 869-880 (1973).
12. F. L. Zak, "Projections of algebraic varieties,'" Mat. Sb., 116, 593-602 (1981).

41



